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A. Wide Band Models

A. WIDE -BAND MODELS

A.1 WIDE-BAND MODELS AND CORRELATIONS

Edwards and Menard (1964) modeled a band of rotation lines that are reordered in wave
numberso they form an array with exponentially decreasing line intensities moving away from
the bandcenter andcovering the entire band. This is tlegponential widédand model.
Edwards and cavorkers [Edwards (1960,1962,1965), Edwards and Menard (1964a,b),
Edwards and Sun (1964), Edwards et al. (1965), Edwards and Nelson (1962), Edwards and
Balakrishnan (1973), Weiner (1966), Hines and Edwards (1968)] assembled a tirgd bo
data on the important radiating gases at typical engineering conditions. By comparing their
bandcorrelation relations with data over large ranges of pressure and temperature, they
determined empirically how the physical variables are related &fféwtive bandwidthi(T),

to an effective bandwidth parametef¢), and to a modified pressut®oadening parameter

B(T, P:), wherePe is the effective broadening pressure. Th&as expressed in the form of a
modified variableu =} a/ ~that is in terms of the mass path len¥tk 7S of the absorbing

gas component and a quantig(T) that will be determined. Available correlations are
summarized in TablA.1.

The newer and more accurate models based-distkbutions (Chapter 9 of the text) have
largely supeseded the exponential wideand modelsespecially for combustion gases;
however, some gases such as 8@ HCI| do not have the lifdgy-line data available for
computing kdistributions, so the correlations presented here may still be useful.
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A. Wide Band Models

TABLE A.1
Available Band Absorptance Correlations for Isothermal Media

Gas Bands Reference Comments Type of Correlation
CO: 2.0,2.7,4.3,9.4,10.4, a8 | Table 9.3 [Marin and Wide band c-k wide-band distribution
mm Buckius (1998b)] 300< T<1390K
0.1< X< 23,000 g/rh
WSGG (all) Table 9.7 [Deniso and 400< T< 2500 K Spectral line WSGG
Webb (1995] 3x10°to 600 n¥mol
2.0,2.7,4.3,9.4,10.4, aid | [Domoto (1974)] 300< T <1390K k-distribution
mm 0.1< X < 23,000 g/rh (wide band)
2.7,4.3, and 15m [Chu and Greif (1978)] T4 300 K Nonrigid rotator
0.1< X< 23,000 g/m spectroscopic wide band
2.7mm [Lin and Greif (1974)] T&300K Rigid rotator
0.081< pS< 1300atmé cm | spectroscopic wide band
2.0,2.7,4.3, and 1bm Table 9.2 [Edwards 300< T <1390K Exponential wide band
(1976); Edwards and 0.1< X< 23,000 g/m
Menard (1964b);
Edwards and
Balakrishnan (1973);
Edwards et al. (1967)]
9.4 and 10.47m Table 9.2 [Edwards 300<T<1390 K Exponential wide band
(1976); Edwards and 0.1< X< 23,000 g/m
Menard (1964); Edwards
and Balakrishnan
(1973); Edwards et al.
(1967)]
2.0,2.7,4.3,9.4,10.4, and 1| [Edwards (1960)] 300< T< 1390 K Equivalent bandwidth
mm 0.1< X < 23,000 g/rh
H-0 1.38, 1.87, 2.7, and 6/3n, Table 9.4 [Marin and 300< T<2900 K (except c-k (wide-band) distribution

rotational

Buckius (1998a)]

rotational band,
300< T < 1900 K)
10°<pS<10tatmé m

WSGG (all)

Table 9.5 [Denison and
Webb (1993

400< T <2500 K
3x10°to 60 nt/mol

Spectral line
WSGG

1.38,1.87, 2.7, and 6/3n,
rotational

[Kamiuto and Tokita
(1994)]

300< T <3000 K
0.1<pS< 1000 bag cm

Modified exponential wide
band

2.7mm [Lin and Greif (1974)] T=300K Rigid rotator spectroscopic
3.3<pS<2800 atmé cm wide band
2.7 and 6.35m [Weiner (1966)] 300<T<2100 K Equivalent line

1< X< 21000 g/M

1.38,1.87, 2.7, and 6/2n

Table 9.2 [Edwards
(1976); Edwards et al.
(1965); Edwards and
Balakrishnan (1973);
Edwards et al. (1967)]]

300< T <2250 K
1<X<38,000 g/m

Exponential wide band

Rotational band
(k > 10 mm)

[Charalampopoulos and
Felske (1983)]

500< T <2400 K
1.5<pS< 30 atmé cm

Exponential wide band

2 Varies with band.
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A. Wide Band Models

TABLE A.1 (CONTINUED)
Available Band Absorptance Correlations for Isothermal Media

Gas Bands Reference Comments Type of Correlation
CO WSGG (all bands) Solovjov and Webb 300< T <2500 K Spectral line WSGG
(1998)]
2.35and 4.6/m Table 9.2 [Edwards 300< T< 1500 K (2.35) Exponential wide band
(1976); Edwards and 300< T <1800 K (4.67)
Menard (1964b); 19< X <650 g/nt
Edwardsand
Balakrishnarn(1973)]
4.7 nm [Hsieh and Greif (1972); | 300< T <1800K Rigid and nonrigid rotator
Hashemi et al. (1976); 19< X <650 g/nt spectroscopic widband modg
Chu and Greif (1978)]
CHs 1.71,2.37,3.31, Table 9.2 [Edwards 300< T <1000 K& Exponential wide band
and 7.667m (1976); Edwards and 19< X <650 g/nt
Menard (1964b);
Edwardsand
Balakrishnan(1973)]
HCI [Stull and Plass (1960a)] | 100Q 3400 cn* Spectral emittance
SO 4.00, 4.34, 5.33, 7.35, [Kunitomo et al. (1981)] 300< T <2000 K Statistical narrow banand
8.68, and 19.27m 0.06< pS< 180 atmé cm exponential wide band
4.00, 4.34, 7.353.68, [Chan and Tien (1971)] 500< T < 3500°R Elsassenarrow band and
and 19.277m 0.002< pS< 2 atmé ft exponential wide band
H2 [Aroeste and Benton Not correlateepresented
(1956)] in terms of spectral and
total emittance
JAtmospheric [Goody and Yung (1989)] | Discussion of literature up
gased N, to 1960
Oz, CO,
0z, H0,
CHs, and
nitrogen
oxides
JAir All important [Bond et al (1965)] The citation [Bonckt al.
contributing bands (1965)] provides
references up to 1965 fo
data to calculate band
absorptance
NH3 3.0, 10.5, 2.9, and 6.15 | [Tien (1973)] T < 300K Exponential wide band
nm 2<X<312 g/n
NO 5.35/m [Hashemi et al. (1976); T<300K Rigid and nonrigid rotator
Chu and Greif (1978)] 0.845< pS< 12.56 atntm spectroscopic widband modg
N20O 4.5 mm [Chu and Greif (1978)] T<303K Nonrigid rotator spectroscopic
0.0186< pS< 76.4 wide-band model
atmcm
CCls All important [Novotny et al. (1974)] Two-parameteElsasseand
(liquid) statistical narrow band

@ Varies with band.
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A. Wide Band Models

TABLE A.1 (CONTINUED)
Available Band Absorptance Correlations for Isothermal Media

Gas Bands Reference Comments Type of Correlation
H2, N2, Oz, CHa, All important far [Jones (1970)] T near normal boiling | Data for absorption coefficient versu
CO, Ar (liquids infrared bands in 40 point at latm,S= wave number
only) to 500/2m region; for 1.27 and 2.54 cm,
Hz, 16.7 to 50Qmm plus 3.25 cm for bl
C2H: Wave number, (chh) [Brosmer and Tien Discussion of Exponential wide band
3287; 1328, 729 (1985)] literature;
measurements from
= 290to 600 K
C2H4 Four in infrared [Tuntomo et al. Measurements and Statistical narrow band, wide band
(1989)] correlation

2 Varies with band.

A brief description of the exponential wide band correlation is given here for the four
gases in Tabl&.2. Information for NO and SOs in Edwards and Balakrishnan (1973) [see
also Edwards (1976)]. The correlation is in terms of three quanttjebe integrated band
intensity;B, the linewidth parameter; ang the bandwidth parameter. The desired total band
absorptionu is found from the following correlations (the band subsdriph U has been
dropped for convenience):

_ G
ForB<1: A Iwu 0O a Bi
1
A=w2JBu -B) B o - (A.1a)
T
— 1 T
A=wufIn(Bu £ — w
w{in(BU g 5 I
ForB2 1: _A vu O a :If'JIt (A.1b)
A=m(nu 4) 16 ¢

The B is *~ times the ratio ofneanline width to spacing, i.e., the paramebeadjusted for
broadening  effects, including pressure broadeningd =  bHP, Where
P.=[P/ R €p B(b 1" Pisthe total pressure (atm) of radiating and nonradiating gas, P

=1 atm, ang is the partial pressure of the radiating ¢@s laspe- 0 andP- Po). Theb
andn are in TableA.2 for each gas band. Thie= &/ YwhereX is the mass path length of
the radiating gas. Theis found from, = (T /T1,)2, Wwhere¥ois in TableA.2 andTo = 100

K. The table also gives the quantities necessary to obtaimdb from the following:

1- exp( a L“kdk) ey (T)

- é (A.2a)
1- exp( a kzluovkdk) &Y (To)

a= g

_ 4T, S F(M)
b(T) = (;g OF () (A.2b)
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A. Wide Band Models

where
v OL8allure. td o I Ve, o,
Oma: of(+a. 9Vga, B!y Jgis
gf) na s (o td Yvgo, 1 ple) :
FT) ==——x——— - (A.2d)
Ok:la Uy :(d‘k{(uk-l-gk +Qf })'/ggk 1)J ku}@ o
in which

hor,

hch
T KT,

and ,, =o if dis positive or zero and igk| if dkis negative. Some illustrative numerical
examples are in Edwards (197hd Examplé\. 1.

TABLE A.2
Exponential Wide -Band Parameters
Pressure Parameters
(To = 100 K)
Band
) Band Centerh ao(cmb Mg
Gas m,/1(cm?), g >m) ety | df b n mb b ue (et )
CO; 15 667 0,1,0 1.3 0.7 19.0 0.06157 12.7
m=3,h=1351,g: = | 10.4 960 T1, O 1.3 0.8 2.47 x 16 0.04017 13.4
h =667,0.=2 9.4 1060 0, ,I72 1.3 0.8 | 2.48x10% | 0.11888 10.1
h =2396,9: = | 4.3 2410 0,0,1 1.3 0.8 110.0 0.24723 11.2
2.7 3660 1,0,1 1.3 4.0 0.13341 23.5
0.6
5
2.0 5200 2,0,1 1.3 0.066 0.39305 34.5
0.6
5
CHa 7.66 1310 0,0,0,1 1.3 0.8 28.0 0.08698 21.0
m=4,h1=2914,g:.=1 3.31 3020 0,0,1,0 1.3 0.8 46.0 0.06973 56.0
h2=1526,g.=2 2.37 4220 1,0,0,1 1.3 0.8 29 0.35429 60.0
h3=3020,03=3 1.71 5861 1,1,0,1 1.3 0.8 0.42 0.68598 45.0
h.=1306,0:= 3
H-O rotationaf 140 0,0,0 8.6(Td/T)¥2+ 0.5 1 44205 0.14311 69.3
m=3,h1=3652,0: =1 6.3 1600 0,1,0 8.6(T/T)¥2+ 0.5 1 41.2 0.09427 56.4
h1=1595,0>=1 2.7 3760 0,2,0 8.6(T/T)¥2+ 0.5 1 0.19 0.13219 60.0
h3=3756,g3 =l 1,0,0 2.30
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A. Wide Band Models

0,0,1 22.40
1.87 5350 0,11 8.6(To/T)*2+ 0.5 1 3.0 0.08169 43.1
1.38 7250 1,0,1 8.6(To/T)*2+ 0.5 1 2.5 0.11628 32.0
CO 4.7 2143 1 11 0.8 20.9 0.07506 25.5
m=1,h1=2143,1=1 2.35 4260 2 1.0 0.8 0.14 0.16758 20.0

Sources:Edwards, D. K.: Molecular Gas Band Radiation, in T. F. Irvine, Jr., and J. P. HartnettAddances in Heat Transferpl. 12, pp
115 193, Academic Press, New York, 1976; Edwards, D. K., and Balakrishnan, A.: Thermal Radiation by CombustiaiHB4E|
vol. 16, no. 1, pp. 2510, 1973.

* Upper band limit.

P Use values for the 10:#m band instead of those for tBel-nm band.

° See notes in Edwards and Balakrishnan (1973).

@ For the HO rotational bandg(T) = gexp[ 9.00, /T 121, £, /TV?, Jur /T )2a&(); if the calculated lower band limit is negat

useh = 0 for the lower limit (the band width then equals the calculated upper limit); further details are in Modak (1979).

Greif and coworkers [Hsieh and Greif (1972), Lin and Greif (1973, 1974), Hashemi et
al. (1976), Chu and Greif (1978)] developed wizsnd correlations from basspectrescopic
theory, finding good agreement with experimental measurements in many cases. With this
approach, no arbitrary constants are introduced, and recourse to experimental data is not needed
to evaluate the constants.

Tien and Lowder (1966) devised the continuous correlation

u+2

u+2f(B) (A-3)

s |

:Inguf(B)
e

wherey is the bandwidth parameter afi@) = 2.94[17 exp( 2.6()]. This does not satfy
the squargoot limit in Equation9.30 [Cess and Tiwari (1972)], and has been found to be in
error for very small values &. Other correlations have been constructed by Cess and Tiwari:

A _ . @& u

—+=2Ingl + A4

w ”gl 2+u”?(1 4/B)"? (A4
and Goody and Belton (1967):

A_onG « YBU (A.5)

w & (U+4B)“?

A more complicated expression that covers all ranges is given by Morizumi (1979) who also
summarizes some of the other correlations. Tiwari (1976) compares the results of using various
narrowband models in developing the exponential whdad model. In atltion, the
correlations outlined above are compared and analyzed for regions of accurate use.

To determine the effect of the band models on the final radiative transfer results, several
band models were applied to two problems [Tiwari (1977)] involving radiative transfer in gases
with internal heat sources and heat transfer. In most instanceag@ainent was obtained by
using the various models, but it is necessary to examine the reference to appreciate the detailed
comparisons. A model to apply the exponential wodad properties in a multidimensional
geometry is in Modest (1983).
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A. Wide Band Models

EXAMPLE A.1Find the effective bandwidth of the9.4-em band for pure C@at 1latm and 500K for
a path lengtts of 0.364 m.

To obtainl from the relations in Equatioh.1, the values ofi andB must be determined so the
correct relation can be selected. To find j a/ ¥the values of all three quantities on the right need to
be determined using data from Tal#le and the corresponding relations, and to deterBirmebPe,
values ofb andPe must be found.

To find &, the values ofg ) and( (o) must be found using Equatigh2c. For the 9.4m
band, values from Tabl.2 (noting the footnote for this band) azg= 2.48 10°m%g &m, di =11,
a=0,0=11,givinggi1=1,02=03=0- Alsogi=1,02= 2, =1, ands = 1351cmt, /1, = 667cm
"1 andhs = 2396 cm'%. Usingh = 6.626° 10'%4J (s, k= 1.3813 102 J/K, andc = 2.998% 10'°cm/s
gives m = 3.887,m= 1.919, andm = 6.893. Thems values are a factor of 5 larger, respectively.
Substituting into Equatio’.33c) gives( {) = 0.0415 and] {To) = 7.2663 10'°. Substituting further
into EquationA.la givesa(T) = 0.01341m%/g CGem.

To find a value forb yalues ofl ) andd o) must now be determined. Substituting into
Equation A.2d) results ina {)=4.479 and 0 {Tg) = 1.0237, and from EquationA(2b), HT) =
0.04017(100/500% (4.479/1.024) = 0.079.

The value ofy is obtained fromy = o(g¥o)#? using ¥o from Table A.2 to give w
=10.1(500/100%2 = 22.58cm.

The mass path lengiKis defined ag S, and the value af is found from the ideal gas law as
}= PM/RT=1atm x44 (kg/kgQmol)/[0.08206(atrrm3kg Gmol K) 3 5 0 0 T1.072kg/ni = 1.0723
10%g/m?. Thus,X= 1.073 10%g/m?3 0.364m = 390.3 g/fandu = XU / ¥3895 (g/m) 3 0.01346 (/g
G&m)/22.58 (crit) = 0.232.

Now the value oPe=[P/Pg+ (p/Po)(bT 1)]"is found for pure C@at latm usingd andn from
TableA.2 to givePe, = (1.3)°%= 1.234, sdB = BP. = 0.0970. Examining the relation fér(Equations
A.1) shows that foB< 1and foru betweerB = 0.0970 and B = 10.309, which is the case here,

A=w[2Bu)’* -B] 2253200970 H23%> .00970 . 45m*

This compares reasonably well with the experimental value for these conditions of '% 8oom
Edwards (1960). The predictions from other correlations for this band at these conditibas-a2e31
(EquationA.4), Uge = 3.97 (EquatiorA.5), andlr. = 4.49 (EquatiorA. 3).

Additional complexities are introduced when a gas mixture is considered. For example,
the partial pressungof an absorbing gas in a muttomponent system varies withandP, the
populations of the energy states vary Witland the overlapping of spectral lines changes with
P. It is thus very complex to formulate analytically the dependendeai T, p,andP for a
real gas mixture. Useful results must depend heavily on experiment while theory is used as a
guide. Some calculations for mixtures are in Edwards and Balakrishnan (1973). If two gases
are present that both absorb energy, their band absorptivitie®wadgp in some spectral
regions. In this case, Hottel and Sarofim (1967) show that, for two gaaed b in an
overlapping band of widtbq

A -pg 4 A 98A 24 o AA
Aw= B d 5 ol H%‘““A’ Y (A9

thus,the simple sum of the two is reduced by the quantitg & ;ps (see alsdEquatiors

9.64 and 9.6 of the tex). Restriction is to wave number intervals over which bgthndua
andup, are applicable average values and in which there is no correlation between the positions
of the individual spectral lines of gaseandb.
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HOMEWORK (Solutions are in the Homework SolutionManual for Chapter 9.)

A.1 For a linewidth parameter of B = 0.2, prepare a plot comparing various band correlation functions of

effective bandwidth to actual bandwidtvr,;,, as a function of the parameter u containing mass path length, for

0.01¢ u ¢ 100. Compare the correlation functions of Edwards and Menard (EqéafiprTien and Lowder
(EquationA.3), Cess and Tiwari (Equatioh4), and Goody and Belton (Equatiof. ).

A.2 Find the effective bandwidti of the 9.4mm band of CQ at a partial pressure of 0.4 atm in a mixture

with nitrogen at a total pressure of 1 atm. The gas temperature is 500 K, and the path length S is 0.364 m.
Compare with the result in Examplel.

Answer 2.09 crﬁl.

A.3 For pure CO gas at 1 atm pressure, determine the effective bandwidth for thenspé&ctral band at T =
600 K for a path length of S = 0.5 m.

Answer 207.3 criit.

A.4 FromFigure9.5 of the text estimate the effective bandwidth for the @ri# CO, band at 830 K, 10 atm,
and a path length of 38.8 cm. Compare this with the result computed from the correlations i Zable
Answer 414 cnmil.
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B. Geometric Mean Beam Length

B: DERIVATION OF GEOMETRIC MEAN BEAM LENGTH
RELATIONS

The Geometric Mean Beam Lengths depend on both geometry and wavéteogth the
definitions

_ .. €“cosg cos g
AR L« = n ,n S dA da (B.1)
AF.a,;«=AF k-(l -t k) (B.2)

The double integral ikquationB.1 must be evaluated for various orientations of surféges
and A, the result will depend ol Derivations for some specific geometries are now
considered.

B.1 HEMISPHERE TO DIFFERENTIAL AREA AT CENTER OF ITS BASE

Let A be the surface of a hemisphere of radRuanddA« be a differential area at the center of
the baseKigureB.1). Then EquatioB.1 becomes, sinc8=Rand g, = 0,

AﬁdFj-dkf,j dk ~ dAl&ﬁ

j p RZ J

FIGURE B.1 Hemisphere filled with isothermal medium.

The convenientlA is a ring elemendA = B2 5in gkdgk, and the factors involving can be
taken out of the integral. This gives

_ ~ € RoDR o2, . ]
AR b o= dp'*m,p—ég :JSFOqu sing d g=dA &~

B.1



B. Geometric Mean Beam Length

With AdF 4 =dA R and g, =1, this reduces to

b =g R (B.3)

This especially simple relation is used later in the concept of mean beam length where radiation
from an actual volume of a medium is replaced by that from an equivalent hemisphere.

B.2 TOP OF RIGHT CIRCULAR CYLINDER TO CENTER OF ITS BASE

This geometry is in FigurB.2. Sinced; = dk = d, the integral irEquationB.1 becomes, for the
top of the cylindeA radiating to the elementA at the center of its base,

_ . €“3cod
AdE 4§ o = dA n —267 dA (B.4)
i PpPS
Sincex’=S* -If,dA Zp xl 2=S d<Then, using cod = h/S
_ R
A dF 4T o = dA2IT]) s ds (B.5)

)
NA]
;_/

FIGURE B.2 Geometry for exchange from top of ¢fdked cylinder to center of its base.
Now let ksS= #»to obtain

- R @
Adl:j-dktr,j dk:dARZH/(Z,m/ " 3

- /

dt. (B.6)

This integral can be expressed in terms oéttponentialintegralfunctiondefined inAppendix
D of the text by writing

B.2
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IR gl kR« el ah e f
0. . t—sdt‘, = hal —%d t - :—n;d ‘ (B.7)
! / / f

Letting 7, :( /{x/ R +hz)/ and /(, h/ /, respectively, in the two integrals gives

L e gy L i g

1
(k| (k)

The integral in EquatioB.6 is then written in terms of the exponential integral function as

2+ ‘t/ é o 2~
I’,]: kh £3 / 2 N 2 Z EGE (0]
/ / (4,h) % hf(RIH7+1 8 & Neh =

so,it can be readily evaluated for various values of the paranfetesnd Azh.
B.3 SIDE OF CYLINDER TO CENTER OF ITS BASE

Let dA be a ring around the wall of a cylinder ag-igureB.3, and note thadA = 2 Rdz cos
dk = z/S cosd; = R/S andz dz= SdS Then Equatioi8.1 is written for the side of the cylinder
to dA« as

IR @ S
AdF.47; | 4 =20A R] s ds (B.9)

J

FIGURE B.3 Geometry for exchange from side of géied cylinder to center of its base.
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This is of the same form as EquatiBrb, and gives the result

Adej-dktrldk
AR % : 1 & R 96 1 e / R%& fj
=2dA dk/h)zi—z Eekh—2 16 > E€ M| — U
éaeﬁ- i€ h(R/ h° 9 & h¢ ue 2.1 o h ¢
& (RN 2 ék,ha/(R/f) +19 & l‘j

(B.10)

As for EquatiorB.8, this is readily evaluated for various valueRdéfand kzh.

B.4 ENTIRE SPHERE TO ANY AREA ON ITS SURFACE OR TO ITS ENTIRE
SURFACE

FromFigureB.4, sincedk = dj let them be simply;, thenS= 2R cosd. Starting with Equation
B.4, dA cosd /2 iS the solid angle by whict4 is viewed fromdA«. The intersection of the
solid angle with a unit heddidfherher e shows t ha

2d Ry
A dF. dkt,Jdk—dAM} €“°2cosy sin ¢d F?; e e€“ sd

FIGURE B.4 Geometry for exchange from surface of-jiied sphere to itself.

Integrating gives

- 2d 2% R
AdR 4T g = (2a Aé)z & {2 R Be™" (B.11)

which has a single parametetR, the sphere optical diameter.

EquationB.11 is integrated over any finite aréato give t, from the entire sphere to
Acas AF_T, . =&A /(2 R’ g (2kR 3 &8 . SinceFjik = AdA;, from Equation
4.17,

- 2 2k,
t/“'k:(Zk,—R)zgl {2k R HFe*r (B.12)
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which also applies for the entire sphere to its entire surface.
B.5 INFINITE PLATE TO ANY AREA ON PARALLEL PLATE

In FigureB.5 consider on one plate an elemeéd, and on the other plate a concentric ring
elementdA centered about the normaldéx. The geometry is like that FgureB.2 for a ring

on the top of a cylinder to theenter of its base. Then, from Equat®.,

e’

dz
t]

A dFj—dkT//,j ak — dAZ(/( /D)zrj: 40

whereksD is the optical spacing between the platesusing the procedure leading to Equation
B.8, the integral is transformed te («, D)/ ( 4D)2. Then integrating over any finite aréa

as inFigure B.5 gives AF.T,.=A2E(K,D)- With AF ., =AFR and Fyj = 1, this
reduces to

t i« =2E(k D) (B.13)

FIGURE B.5 Isothermal layer of medium between infinite parallel plates.
B.6 RECTANGLE TO A DIRECTLY OPPOSED PARALLEL RECTANGLE

Consider, as irFigure B.6, the exchange from a rectangle to an area element on a directly
opposed parallel rectangle. The upper rectangle is divided into a circular region and a series of
partial rings of small width. The contribution from the circle of radRue AdF can

'—dkf,j dk
be found from Equations B.6 and83for the top of a cylinder to the center of its base. For the
nth partial ring, lef, be the fraction it occupies of a falrcular ring. Then, by use of Equation
B.4, the contribution of all the partial rings IR aF; is approximated by

'-dkT},j dk

. . €Y%3aD 0 Lo, e
d f DR =dA2 B — 1
Akam. n psf g ész] Rn K na. E(D2+R12) R r

B.5
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FIGURE B.6 Geometry for exchange between two directly opposed parallel rectangles with
intervening translucent medium.

This evaluation ofAj dF 0T | is carried out for several area patcheAarThis is usually
enough so the integration oveé can be performed as indicated by Equati to yield

AFLY = rl AdR 4t a

EXAMPLE B.1 A nongray, absorbingmitting plane layer witlk.as inFigureB.7 is 1.2 cm

thick and is on top of an opaque diffugey infinite plate. The plate temperature has been
raised suddenly, so the layer is still at its initial uniform temperature. What is the net heat flux
being lost from the platyer system? Neglect deconduction effects in the layer and neglect
any reflections at the upper boundary of the layer.

Tenvironment = Te = 495 K 0 65; _____________ it - GO

em— 1k

} R

1.2 cm
1 ! 0.16:
S/ Ob\o O O O--_Heating elements EEEEEHEREN
y . 0 - co
--Plate = “\{e; = 0.65 0 6.5 um
T, = 630 K
A, um

FIGURE B.7 Plane layer of nongray absorbiegitting material.

The uniform environment above the layer acts as a black enclosurdgtiation
11.77 of the textcan be applied directly by integrating in two spectral bands and eisiadL.
The geometrianean transmittance factors are obtained fEaquationB.13 as
t ,=2E,(0.16 31.2) ©.7142, 0/ ¢ @H7Mm;,, E= (0.65 1

=0.2974, 6.57m¢/ ¢. Thisyields
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g= & Fie( T Bo. 6.5; T-Fes 6.5)
+1 4 )1 @ otel( Tg4 F§ 6.1, To Fo S$)
+ g of T§(1 Fo-6m:) Té4(]5 Fo- 62)

+(L 42 @ ot T/E Fo 5.5, ) '@ Fo.65)]
Inserting the valueBo vs . 5 1%Q.4978,Fo v6 . 5 m58.3985 andro v 6 . 51=0.8220 yields) =
2954 W/n3.

B.7 GEOMETRIC -MEAN BEAM LENGTH FOR SPECTRAL BAND ENCLOSURE
EQUATIONS

For usein the spectral band enclosugguation11.77 in the text the absorption integral in
Equation11.82 must be evaluated between pairs of enclosure surfaces for the wavelength bands
involved. When more than a few bands absorb appreciably, the enclosure solution requires
considerable computational effort. A simplification was developed by Duiidé4) by
assuming that the integrated band absorpaa(S) is alinear functionof path length. This has

some physical basis, as it holds exactly for allzrweak nonoverlapping linéEquation9.19

in the texj. Also, it is the form of some of the effective bandwidthshi@ exponential wide

band correlations afn-line Appendix A(EquationA.1). As shown inDunkle by means of a

few examples, reasonable values for the eneegghange are obtained using this
approximation. Hence, lef in Equation11.83 have the linear form froriquation9.30 (note

that t he aba rrHquatich®30)

A9 NS AP S
a (9 ol T (B.14)

where& andu are the line intensity and the spacing of the individuedk spectral lines, as in
Chapte9 of the text

Now define a mean path Iengfﬁ]_ ; called thegeometriemeanbeamlength such that
U evaluated from Equatio.14 by using S= S_j will equal k- from the integralin
Equation11.81 of the text After substitutinga, . | =(S/ )CE 4 and a :(S/ )CE into
Equation11.81, the relation for§K_ jis

= 1 ~ GOy Cosgd

=3 e N L Nps

A dp (B.15)

which depends only on geometry. This integral is also obtainEduationB.1 when &S is

small (optically thin limit). InDunkle,Sqj values are tabulated for parallel equal rectangles, for
rectangles at right angles, and for a differential sphere and a rectangle. Analytical relations for
rectangles are ikquationsB.16a,b. For directly opposed parallel equal rectangles with sides

of lengtha andb and spaced a distancepart,

B.7
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s | . & i} e
M:ﬂ?taﬁlh—bélné b + X 1‘Hla|n h+ X
abc Pt X hé\/1+ R ( b\/i 2,00 b \;61 h

(B.16a)

+hltg\/1 +h t 2+ Db 1% X

whered = a/c, b = b/c and x /1 # h 2. TheFqj can be obtained frorffactor 4 in
Appendix Cof the text For rectangleab andbc at right angles with a common edge

SciARy _1Fg <1+J1+oJ a’rq @1 #)*a’
abc pia ol 41 fa’+g 9 @.Ja % ?*}a

oA AT s PR TR g T )
g (B.16b)

+Z[\/1+2a 2 g2 Aavrgl +a

> a, 1 1
+§[\/1+2a ig t ayogl- ea%a@@

wh e r=e/bd)n d c/b. TheFyjis obtained fronFactor 8 in Appendix ©f the text Results
for equal opposed parallel rectangles aréigureB.8, and values for equal parallel rectangles

and for rectangles at right angles are in TaBldsandB.2. Otherém values are referenced
by Hottel and Sarofin{1967) In Anderson and Hadvig (1989%alues are obtained for a
medium in the space between two infinitely long coaxial cylinders.

Length of rectangle a
19— Distance between rectangles ¢

1.8

L7

c

1.6

1.5

1.4

1.3

Geometric mean beam length Ek_i

Distance between rectangles

L2

L1

| | 1 |

1'0.1 .2 4 1 2 4
Width of rectangle b

Distance between rectangles ¢

FIGURE B.8 Geometric mean beam lengths for equal parallel rectangles [Dunkle (1964)].
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For a medium at uniform conditions, the geomeatnean beam length can be used in the
effectivebandwidth correlatios inon-line Appendix Ato obtainz(s). U s arabtgineddn

the next paragraph yields, (S) =A(9/ B from Equation11.83 of the textand { from

1- ~a. ThenEquationsl1.78 and11.79 of the textcan be solved fog « for each wavelength
bandl. The total energies at each surfa@e found from a summation over all bands

&= ad GxDl +a ax (B.17)
absorbing nonabsorbing
bands bands

The wavel esnofdath bamgis meedead to carry out thetgmiuThis span
can increase with path length. Edwards and coworkste@rds and Nelson (1962), Edwards
(1962), Edwards et al. (19§ 9ive recommended spans for €ahd HO vapor; these values,
in wave number units, are in TalAe3 for the paralleplate geometry. For other geometries,
Edwards and Nelson give methods for choosing approximate spans f@n@®O bands.
Briefly, the method is to use approximate band spans based on the longest important mass path
length in the geometry being studiethe limits of Table B.3 are probably adequate for
problems involving C@and HO vapor.

If all surface temperatures are specified in a problem, the resultEgoationB.17
complete the solution. ik is specified fom surfaces and« for the remaining\i n surfaces,
then then unknown surface temperatures are guessed, the equations are solved, fanall
then the calculategk are compared to the specified values. If they do not agree, new values of
T for then surfaces are assumed and the calculation is repeated until the given and calculated
gk agree for allA« with specifiedgr. Equation11.76, expressed as a sum over the wavelength
bands, gives the required energy input to the medium for the spégjfied

B.9
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TABLE B.1 Geometric mean beatangth ratios and configuration factors for parallel equal rectanDleskje (1964)

c/b
0 0.1 0.2 0.4 0.6 1.0 2.0 4.0 6.0 10.0 20.0

alc
0 S | C 1.000 1.001 1.003 1.012 1.025 1.055 1.116 1.178 1.205 1.230 1.251

-

Fiij
0.1 S< /¢ 1.001 1.002 1.004 1.013 1.026 1.056 1.117 1.179 1.207 1.233 1.254

-

Fuij 0.00316 0.00626 0.01207 0.01715 0.02492 0.03514 0.04210 0.04463 0.04671 0.04829
0.2 S( /c 1.003 1.004 1.006 1.015 1.028 1.058 1.120 1.182 1.210 1.235 1.256

-

Fuij 0.00626 0.01240 0.02391 0.03398 0.04941 0.06971 0.08353 0.08859 0.09271 0.09586
0.4 s( /c 1.012 1.013 1.015 1.024 1.037 1.067 1.129 1.192 1.220 1.245 1.267

-

Fuij 0.01207 0.02391 0.04614 0.06560 0.09554 0.13513 0.16219 0.17209 0.18021 0.18638
0.6 S /¢ 1.025 1.026 1.028 1.037 1.050 1.080 1.143 1.206 1.235 1.261 1.282

-

Fuij 0.01715 0.03398 0.06560 0.09336 0.13627 0.19341 0.23271 0.24712 0.25896 0.26795
1.0 S /¢ 1.055 1.056 1.058 1.067 1.080 1.110 1.175 1.242 1.272 1.300 1.324

-

Fuij 0.02492 0.04941 0.09554 0.13627 0.19982 0.28588 0.34596 0.36813 0.38638 0.40026
2.0 S< | C 1.116 1.117 1.120 1.129 1.143 1.175 1.246 1.323 1.359 1.393 1.421

-

Fuij 0.03514 0.06971 0.13513 0.19341 0.28588 0.41525 0.50899 0.54421 0.57338 0.59563
4.0 s( /c 1.178 1.179 1.182 1.192 1.206 1.242 1.323 1.416 1.461 1.505 1.543

-

Fuij 0.04210 0.08353 0.16219 0.23271 0.34596 0.50899 0.63204 0.67954 0.71933 0.74990
6.0 s( /c 1.205 1.207 1.210 1.220 1.235 1.272 1.359 1.461 1.513 1.564 1.609

-

Fuij 0.04463 0.08859 0.17209 0.24712 0.36813 0.54421 0.67954 0.73258 0.77741 0.81204
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10.0 S( /¢ 1.230 1.233 1.235 1.245 1.261 1.300 1.393 1.505 1.564 1.624 1.680
-
Fuij 0.04671 0.09271 0.18021 0.25896 0.38638 0.57338 0.71933 0.77741 0.82699 0.86563
20.0 §K /¢ 1.251 1.254 1.256 1.267 1.282 1.324 1.421 1.543 1.609 1.680 1.748
-
Fuij 0.04829 0.09586 0.18638 0.26795 0.40026 0.59563 0.74990 0.81204 0.86563 0.90785
S( /¢ 1.272 1.274 1.277 1.289 1.306 1.349 1.452 1.584 1.660 1.745 1.832
-
Fuij 0.04988 0.09902 0.19258 0.27698 0.41421 0.61803 0.78078 0.84713 0.90499 0.95125

TABLE B.2 Configuration factors and mean be#ngth functions for rectangles at right anglesitikle (1964)

c/b

a/b 0.05 0.10 0.20 0.4 0.6 1.0 2.0 4.0 6.0 10.0 20.0 b

0.02 AFi/b? 0.007982 0.008875 0.009323 0.009545 0.009589 0.009628 0.009648 0.009653 0.009655 0.009655 0.009655 0.009655
Akaer—j/ abc 0.17840 0.12903 0.08298 0.04995 0.03587 0.02291 0.01263 0.006364 0.004288 0.002594 0.001305

0.05 AFi/b? 0.014269 0.018601 0.02117 0.02243 0.02279 0.02304 0.02316 0.02320 0.02321 0.02321 0.02321 0.02321
Aka-jS-j/ abc 0.21146 0.18756 0.13834 0.08953 0.06627 0.04372 0.02364 0.01234 0.008342 0.005059 0.002549

0.10 AFi/b? 0.02819 0.03622 0.04086 0.04229 0.04325 0.04376 0.04390 0.04393 0.04394 0.04394 0.04395
Pk':k-jéx-j/ abc 0.20379 0.17742 0.12737 0.09795 0.06659 0.03676 0.01944 0.013184 0.008018 0.004049

0.20 AFi/b? 0.05421 0.06859 0.07377 0.07744 0.07942 0.07999 0.08010 0.08015 0.08018 0.08018
AF & abc 0.18854 0.15900 0.13028 0.09337 0.05356 0.02890 0.01972 0.012047 0.006103

0.40 AFi/b? 0.10013 0.11524 0.12770 0.13514 0.13736 0.13779 0.13801 0.13811 0.13814
AR ;S ! abc 0.16255 0.14686 0.11517 0.07088 0.03903 0.02666 0.01697 0.008642

0.60 AFq/b? 0.13888 0.16138 0.17657 0.18143 0.18239 0.18289 0.18311 0.18318
AkaijH./ab( 0.14164 0.11940 0.07830 0.04467 0.03109 0.02025 0.010366
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1.0 AFq/b? 0.20004 0.23285 0.24522 0.24783 0.24921 0.24980 0.25000
AF. S/ abc 0.11121 0.08137 0.04935 0.03502 0.02196 0.01175

2.0 AdFujlb? 0.29860 0.33462 0.34386 0.34916 0.35142 0.35222
AF. S/ abc 0.07086 0.04924 0.03670 0.02401 0.01325

40  AFujb? 0.40544 0.43104 0.44840 0.45708 0.46020
AF. ;S 1 ab 0.04051 0.03284 0.02320 0.01300

6.0 AdFuij/b? 0.46932 0.49986 0.51744 0.52368
AF. S/ abc 0.02832 0.02132 0.01272

10.0 AFuij/b? 0.5502 0.5876 0.6053
AF. S,/ abc 0.01759 0.01146

20.0 AdFijlb? 0.6608 0.7156
AF. S/ abc 0.008975
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TABLE B.3 Approximate band limits for parallel-plate geometry [Edwards and Nelson
(1962), Edwards (1962), Edwards et al. (1967)]

Band limits d, cm''a

Band center Band center d,

I, mm cm'? Lower Upper
Gas
COz2 15 667 6671 (A./1.78) 667 +(A,/1.78)
10.4 960 849 1013
9.4 1060 1013 1141
4.3 2350 23501 (&, ./1.78) 2430
2.7 3715 37151 (A_/1.76) 3750
H.0 6.3 1600 16007 (&,./1.6) 1600 + (A, ./1.6)
2.7 3750 37501 (A /1.4) 3750 +(A,,/1.4)
1.87 5350 4620 6200
1.38 7250 6200 8100

2 A is found for various bands as in Examplel. Terms such asy_/1.7g8 are A/Z(l— 5) from
Equationl7and Tables 1 and 2 of Edwards and Nelson (1962).
EXAMPLE B.2 Two black parallel plates ai2= 1 m apart. The plates are of width=1 m and

have infinite length normal to the cross section shown. Between the plates is carbon dioxide gas at
Peo, =1 atm andly= 1000 K. If plate 1 is at 2000 K and plate 2 is at 500 K, find the energy flux

that must be supplied to plate 2 to maintain its temperature. The surrounding&.are 800 K.

{ - |
[= Welm ]

/ .~ Plate 2 at
— Wiz  , . s

~Boundary 4
Te <€ 500 K Y

D=1m 9 P T, < 500 K

Boundary 3 —
N\

~ Plate 1 at
/ Ty = 2000 K

O,

The geometry is a fourboundary enclosure formed by two plates and two opeplanes.
The open areas are perfectly absorbing (nonreflecting) and radiate no significant energy as the
surrounding temperature is low. The energy flux added to surface 2 is found by using the enclosure
Equation11.78 of the text wher&= 2 andN = 4. All surfaces are black,;= 1, soEquation 1.78
reduces to
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4 4
A b0, =a( 20 Fzi pidEsyi Foi-. 2 Bl (B.18)
j=1 i 4

The selfview factorFz>.=0 andEsg=Eswd O, so this becomes

2= FatpEors Epa (Fo1 -8y Fok 2 AaF 4% 2)Eay (B.19)

To simplify the example, it is carried out by considering the entire wavelength region as a single
spectral band. To obtain the total energy supplied to plate 2, integrate over all wavelengths to obtain

= FH1Nti2:Epd | -T%S

O:zn

'ﬁ(FZ-lial,Zl Fos as F#s . 23E,,d
0
By use of the definitions of total transmission and absorption factors,
T 4 NB < — 4 B4~
G..sTy :ro] tioEpud | 2a.Tj's . :r],zllﬁbgd

and so forthg. becomes

=T Fabi T8 (Foy s1dF, st Ry ) -[14 (B.20)

To determinet and & , the geometriecnean beam length is used. For opposing rectangles
(FigureB.8 of this Appendi} at an abscissa of 1.0 and on the curve for a letoggpacing ratio of

p, S.p/®=1.34 505, ,=1.34 1T To determinedy 1, which determines the emission of

the gas, use the emittance chart in Figui8orthe Alberti et al. (2018) &XCEL spreadsheet
at https://doi.org/10.1016/j.jgsrt.2018.08.008t a pressure of 1 atrhg= 1.34 m andly =

1000 K. This givesaz-l :0-22. When obtainingl». 1, note from EquatioB.20that the radiation

in the T,.1 term isE.  and is coming from wall IThereforejt has a spectral distribution different
from that of the gas radiation. To account for this nongray effect, EquaQi@@1is used withe

evaluated atPeo, S 1( T/ ;) =1.34(2000/1000)= 2.68tm fandT: = 2000 K. Then, using
Figure9.18(extrapolatedpr the spread shemsulsin t,, 4 0.2¢ f° 08¢

From Factor 3 in Appendix C of the text, the Fzi1 is given by
F.,=[(D? W3)Y2 E|/W +2 1 0.4H.ThenF,,=F,, 3(1 0.414) G29.The

a, 3 = B4, and they remain to be found. For adjoint planes, as in the geometry forBl2ble
the following expression from Equation 12dinkle (1964)an be used, obtained for the present

case whereY B a=1, andc = 1: §2-3=2|n\/§/( fs) 2 0347/( @293) 0.758
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B. Geometric Mean Beam Lengths

Using Figure9.18 p§ =0.753atm QrandT,= 1000 K givesgz. 3= 8y, %.19. Then the desired
result is

= ¥, 0.414(0.86) T8 (0.414 0322 2 40.293 0.19)’
=5.6704 310" (506 -0.36 2000 0.20 1800 )

= 33.4W/cnft

Note that the largest contributiondgis by energy leaving surface 1 that reaches and is absorbed
by surface 2. Emission from the gas to surface 2, and emission from surface 2, are small.

An alternative approach for thiscampleis to note that the term involvingyin EquationB.20is the
flux received by surface 2 as a result of emission by the entire gas. This can be calculated from Equation

11.115 using the mean beam length. THgn= §'24 Fqod Tf Sy -[;1 For this symmetric geometry

the average flux from the gas to one side of the enclosure is the same as that to the entire enclosure boundary.
Consequently, the mean beam length can be obtained from Equdatbhll as
Lo =0.9(4V /A =0.9(4)A M) /4 m =0.9r Then, from Figure9.18 at T; = 1000 K and

Peo, L.=0.9 atm @, the &, = 0.20. This gives the sangeas previously calculated.

HOMEWORK (Solutions are included in the Solution Manual under Chapter 1)

B.1 Twoopposed parallel rectangles are separate@dl®m. The rectangles are of size 1.2 x 1.8 m. The
space between the rectangles is filled wit©OHapor atP = 1 atm andl = 1200 K. Assume for this
calculation that only the 2i#m spectral band of ¥ participates in radiative absorption and emission by
thegas andise the data of Tabke.2 of on-line AppendixA to computeg;. Rectangle 1 hak = 1460 K,

e = 1.0. Rectangle 2 hd = 515 K, & = 0.6. Assume that the surroundings are at low temperature.
Compute the total energy being added to each plate, using the method of B&6tibaf the text.

B.2 A rectangular enclosure that is very long normal to the cross section shown hasgtifusealls

at conditions shown below and encloses a uniform gray gasdat500 K. The gas has an absorption
coefficient of 0.25 m! Find the average net radiative flux at each surface, and the energy necessary to
maintain the gas at 1500 K.

L
1
- 4.0 m
20m
4
3 e
Surface e Tw(K)
1 1.0 2000
2 0.5 1500
3 0.1 1000
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B. Geometric Mean Beam Lengths

4 0 500
Answer: g1 = 607 kW/nf;qp= T 75 24=kW 9233 kW m
energy added = 2,121 kW/m.
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C. Exponential Kernel Approximation
C: EXPONENTIAL KERNEL APPROXIMATION

The solution for a gray medium in radiative equilibrium without internal heat sources between
diffuse-gray walls was derived iBection12.4.5 of the textin terms of the functiong, and 7,

that have been evaluated numerically and ar&ahble 12.2 and Figurel2.4 of the text An
approximate solution foy, andfy is found here by using an approximation for the exponential

integrals in the radiative flux equation. Ty andf, are for black walls, so thal, =$TV:;l and

J2=STV32 Without convection, conduction, or internal heat sources, the radiativeqgflis<

independent of position and is equal to the fiuxansferred between the walls. Then, with the
dimensionless forms irEquation 12.71 of the text Equation 12.63 relating the flux and
temperature distribution becomes

t b
Yo =2E3( )t Zﬁ . b(PE( ")d™ - 2 *tﬁ_t;(*')Ez(* f)dt (CY
FromAppendix Dof the texitheE> andEsz are closely approximated by the exponential functions
E,(t) éexp%;;’ gEB( ) %ex@ % . These approximations are inserted iBiguationC.1 to
yield
Vo 312 ies/zﬁ of *) g3y gké/_z tb’r"})( *) ¢ 72 gt (C.2
2 t* & 2 *t Pt

To solve fory, andf b, EquationC.2is differentiated twice with respect tpand, to satisfy the
heat flux being constant across the distance between thedyalidt = 0. This yields

R 4df 3 htl * * * 3 Ib~ * /9 _
0:e312 _Igdtb #29e3/2trt.lg b(f )e”t/th Eté/Z_ Etr})t( ) e’?/Z tP (C3)

EquationC.3is subtracted fronEquationC.2to giveyp =1 (4/3)(df v/dt). Sinceyys, is a constant,
this is integrated to yield

3
fy :Z by G (C.9

whereC is an integration constant. Tige, andC arefound by substitutingequationC.4back into
the integral Equatiof.2to obtain

- 3 I\tl 3 3 * ~* * 3 IbN * -
Vo 312 ;egmn@%z oy C; 12ty E&/Z {tnt% LT -C éga[ &

The integrations are carried out, and after simplification this becomes

Appendix C.1



C. Exponential Kernel Approximation

apa, 1 0 - 3 1
0=e3”q = y G 4o 5o Y.ty C
& 2 2 & 2

Thus,there are two simultaneous equationsyfeandC:
1 3
1- = € Oand - - EI -C y(
2 ¥ 47" DY 5 0 y

The solution yields

1
Yo —3 (C.59)
—tp %
4

andC = 171 yv/2. These are substituted into Equat® to give

—(of-) % (C.5h)

Table C.1 compares Equatio€.5a with the analytical results frorfable 12.2 of the text
agreement is within about 3% for all .

TABLE C.1

Comparison of Dimensionless Radiative Flux in a One  -Dimensional Slab by the Exponential
Kernel Approximation with Exact Solution

Dimensionless Radiative Flux, Y p ( tD)

to Equation C.5a Text Table 11.2
0.2 0.8696 0.8491
0.4 0.7692 0.7458
0.6 0.6897 0.6672

1 0.5714 0.5532
15 0.4706 0.4572

2 0.4000 0.3900

3 0.3077 0.3016

The use of the approximate kernel for nongray media and for situations without radiative
equilibrium is discussed in Gilles et al. (1969).

REFERENCE:

Gilles,S. E., Cogley, A. C., and Vincenti, W. G.: A Substitdiernel Approximation for Radiative
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C. Exponential Kernel Approximation

Transfer in a NovGrey Gas near Equilibrium, with Application to Radiative AcoustitidMT, vol.
12, pp. 445458, 1969.

HOMEWORK

C.1 Considea gray absorbing medium with isotropic scattering between parallel diffuse gray plates at
temperatures Tand T,, and space® apart. Heat conduction is negligible. Show that the exponential

kernel approximation yields the same result for radiative heat transfer as obtained by the diffusion solution
with jump boundary conditions. The medium has extinction coeffitient

C.2  Agray gas is contained between infinite parallel plates. The plates both have engssi®iB0.
Plate 1 is held at temperature= 1150 K, and plate 2 is ap = 525 K. The medium between the plates is

nonscattering antlas a uniform absorption coefficient lof= 0.75 mi

neglected. The plane layer geometry is shown below.

. Heat conduction in the gas is

k=0.75 m*

A1, T1 = 1150 K, e=0.30
l /— 1, 11

Predict the net radiative heat flux transferred between the surfaceg)(mﬂmplot the temperature profile
[T4(k) - T24] / (T14 - T24) in the gas, wheré = kx. Solve the problem using the exponential kernel
approximation. Compare the results with those of Homework Proldlgassl3.5 and 13.6.

(SOLUTIONSTO APPENDIX C PROBLEM®RE IN THE SOLUTION MANUAL AT THE END OF
CHAPTER B SOLUTIONS
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D: Curtis-Godson Approximation

D: CURTIS-GODSON APPROXIMATION

For nonuniform gases a useful method for some radiation analyses is the -Gaodson
approximation [Edwards and Weiner (1966), Krakow et al. (1966), Simmons (1966, 1968), Goody
and Yung (1989)]. The transmittance of a given path through a nonisothermal gas is reteged to
transmittance through aequivalent isothermafjas. Then the solution is obtained by using
isothermalgas methods. The relation between the nonisothermal and the isothermal gas is found
by assigning an equivalent amount of isothermal absorbing material to act in place of the
nonisothermal gas. The amuus based on a scaling temperature and a mean density or pressure
obtained in the analysis. These mean quantities are found by having the transmittance of the
uniform gas be equal to the transmittance ofiri@uniform gasn the weak and strong absorption
limits.

Goody and Yung , Krakowet al, and Simmons discuss the Cu@sdson method for
attenuation in a narrow vibratienotation bandComparisons with exact numerical results were
obtained. Weiner and Edwards (1968) applied the method for steep temperature gradients in gases
with overlapping band structures. Comparison of the analysis with experimental data was
excellent. The Curti&odsm technique is useful when the gesmperature distribution is
specifiedIf the gas temperature distribution is not known, an iterative procedure would be needed;
this is not very practical.

In this development, spectral variations are in terms of wave number, as is common for
band correlations. For @onuniform gaghe absorption coefficierty is variable along the path.
An effective bandwidthiy(S) is defined, analogous tBquation9.26 of the textbut using an
integrated absorption coefficient:

. ~ é & S o dl
S = il -expa - dS yd
A( ) msorptionl pg 0 ﬂ(s ) w

bandwidthl

(D.1)
L e S o . gl
= Dh Aexpa -RSKdS" yid
[ rI"‘ pg . H ) %
Similarly, for a path length fror8* to S the effective bandwidth is
A(S- S) 1 expg - n(B)dS id (D.2)
L g y

The integrated equation of transfer for intensitySaty radiation (without scattering)
traveling from 0 tdSis, fromEquation11.15 of the text
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D: Curtis-Godson Approximation

e ~ . .3 S ~ . es ~ - .
n(S)=1{0exp 1] ¥S)dS g + (B L S)exp 6. fitsy ds ﬁs

a s=

e 3 e @S T & o A
=11, (0) expg dS - S il e 5 - SKdS
(O f K5 XNS G - [ (S) g1t e ¢ - SR yg

(D.3)
EquationD. 3 is integrated over the bandwidty), of the Ith band, and the order of
integration is changed on the last term. Tdt§), 14(d,0), andig(S) are approximated by average
values within the band to yield

s %4

e S
SDh *Ofyexe - (8 %

(D.4)

l:ﬁexe o HB** dS"* qu das

= n:ollb ¥

EquationsD.1 andD.2 are substituted into Equati@n4 to obtain the radiative transfer equation
in terms of thal,.

L (S)Dh #(0)g DHM(- gr; -y ( st (D.5)

An alternative form is found by integrating Equatidn by parts to obtain

L(Son +(0)g DA(S gl A [ 1S 97« o

Equationd.5 andD.6 are nearly exact forms of the integrated RTE in terms of the band properties.
The only approximation is that the intensity in each term does not vary significantly across the
wave number span of the band. Famiform gas, Equatiol.6 gives (sincall;,/dS= 0)

hu(S)Dh #(0)g DAY gilsuf0) A9 (0.7)

where theau subscript denotes a uniform gas.

To computd(S) or Iu(S from Equationd.5, D.6, orD.7, expressions are needed for the
effective bandwidthl, for nonuniformand uniform gases. Frofquations 9.16 and 9.2f the
text, the limiting cases ai; for bands of independent weak or Lorentz strong absorption lines in a
uniform gas have the forms

A,U(S): Gr3 (D.8a)
(9=Gr,§° (D.8b)
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D: Curtis-Godson Approximation

whereC, 1 andCy, are coefficients of proportionality for théh band, an& anda; for the lines

have been taken as proportional to gas density. Faraheniform gaghe effective bandwidth
depends on the variation of properties along the path. The effective bandwidths are obtained by
using Equation®.8a andD.8blocally along the path. This gives, for a band of weak lines,

A(S =G, I’—io (S) dS  (weak (D.9a)

Similarly, for a band of strong lines, after first squaring Equatidn8b,
S

A9 =G El P( S) dS, so that
=0

12

B NS
A(S) = G, gfj F(S) dS §  (strong (D.9b)
u

It is assumed that th@;; andCz, do not vary along the path.

In the CurtisGodson method theonuniform gags replaced by an effective amount of
uniform gas such that the correct intensity is obtained at the weak and strong absorptiofolimits.
have the uniform intensity equal tienuniformintensity, equate EquatierD.7 and D.6 and
simplify to obtain

80u(T)- 1(0) .(9) =180 (0 A@ 7 A 9™ g

(D.10)

To have Equatiol.10 valid at the weak absorption limit, substitute from EquationD.8a and
U, from EquationD.9ato obtain the following after canceling tke;.

gliou(T)- 11(0) gSu

s s A s | (g (D.11a)
=85(0 4(9 f_ 67ds* +ﬁ .M as g% o<

S

Similarly, at the strong absorption limit, insert Equati@8b andD.9b into EquatiorD.10 to
obtain

NS 12
B1ou(To)- 1(0) @Y =8(0) 1{0) g *E)ds
€' s u
(D.11b)
S0 S g i e B dls(SY)
+Q:083*Ql28t)d8 H ds*

For knowntemperature and density distributions im@uniformgas, Equation®.11a.
andD.11b are solved simultaneously fps andS,, which are the equivalent uniform gas density
and path length for théand Thel, p,u(Tu) is not an additional unknown since the temperature
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D: Curtis-Godson Approximation

corresponds tgu through the ideal gas law. Then Equatry can be used for any effective
bandwidth dependence gnand$, (that is, not only at the weak and strong limits) to solve for
I,u(S). This exactly equalk(S) in thenonuniform gasn the weak and strong limits and is usually

a good approximation for intermediate absorption values. Once the intensities are found, the
radiative transfer is obtained by using the relations for a uniform gas. Evaluating EqDatitens

and D.11busuallyrequires numerical integration. Because the G@bslson method requires
evaluating at least two integrals for each band along each path, it may be equally feasible to
numerically evaluate the nearly exact forms EquaiidnorD.6.

As originally formulated [Goody and Yung (1989)], the Cuisdson method was limited
to a small wave number span in an absorption band. The limitation was because of line overlapping
and the change in the number of important lines with temperatures lidea shown in Weiner
and Edwards (1968) and Plass (1967) that the method gives good results even for conditions with
large temperature gradients with the use of wide wave number spans. These references also
account for overlapping absorption bands. Adabsorption formulation analogous to the Curtis
Godson approximation but involving three parameters was developed by Cess and Wang (1970).
The additional parameter enabled the equivalent isothermal gas to give the correct behavior in the
linear and squareoot limits,andin the logarithmic limit for very strong absorptiofhe method
was used to examine the effects of C&hd water vapor concentration on the atmospheric
temperature profile by Ferland and Howell (1972)e further treatment of radiative transfer along
strongly nonisothermal paths is in Vitkin et al. (2000). To try to overcome spectral complexity, a
PlanckRosseland gray model has been developed; it is applied to a hypersonic radiating flow in
Sakai et al(2001).
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E: The YIX Method

E: THE YIX METHOD

The YIX method (Tan and Howell 1990a, Tamkt2000) is a numerical approach that reduces
the order of the multiple integrations and has other important attributes. The YIX name is from the
shape of the pattern of the integration points for three, tmaf@ur angular directions in a 2D
geometry. The integrals over distance are constructed such that results are stored for use in
subsequent integrations, allowing integrals to be computed as simple sums.

Subdivide the local intensity integral from the 1D transfer equation so that

L X L

I = Af COE(x) dx a % ECx dx + € ) X d (E.1)

x=0 i=l x %, X %

e
>N

4

15/ )
=)
on
1

=
=
1

0.3 1

0.2 1

014,

Dimensionless centerline emissive power, (

4 Zonal method

—s— Product integration method

0 T T T T
0 0.2 0.4 0.6 0.8 1.0

Dimensionless position

Figure E.1 Centerline dimensionless emissive power in a square enclosure; optical sidd#ength
1. Case 1, effect of surface emissivity for pure radiation with surfacgs atl, «wi = 0 fori = 2,

3, 4, and casg, uniform source in medium with, = O fori = 1i 4. (From Tan, Z.JHT, 111(1),
141, 1989b.)

where 0 =0 <x1 < & x, OL and the individual values af are to be found. The sum accounts
for the contribution to from the subregions from= 0 tox,. The final term is the contribution in
the final intervakn to L. Each of the integrals over a subregion, Ox Ox;, is expressed as a two
point approximation so that

li = ﬁ fOOE()dx °a f(x) BX (E.2

X=X-1
Forf(x) = 1 and forf(x) = x, EquationE.1 gives the two equations

a+h =P EMYdx &w(x) & (E-3

X=%-1
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E: The YIX Method

axathx = ) xB(¥dx 7 Bix) xEix &R &) (EH

X=%.1

EquationsE.3andE.4are solved for andbi, to give

a=E(x) DY, b HY B and Dpy S EKD e

This approach can be extended to use highger approximations of the integrals as provided in
Hsu and Tan (1996), but if the intervals xi 1 are small, the twgoint approximation is adequate.
Substituting Equatio.5into E.2and the result into Equatida 1 gives

I°1-D1fOP;1D- ()| f
[ )] f(0) Iazl[ ) D0%a)] F0x) €6

+[D(x) -D(L)] f(x%) [B(L E(D] f(L

The final simplification that makes this method useful is to let each spatial increment provide the
same contribution to the summation in Equaio® o rD(xi)] 2[D(k) Dixi+1)] [ b= constant.
Substituting into Equatio&.6 gives

o téZf(m A ) 4B DW]Fx) [D(B E(L] F(D €7
Y]

i=1

Note that the ternDf(x) D{L)] is not equal td except in the special case when falls exactly
on the boundary at This term must be treated separately.

The number of evaluations of the kernel necessary in the original form EgHatibas been
reduced; only a summation ovéx) is necessary over most of the increments in the integration.
The kernel evaluations are further reduced by approximating the contribution of the final element
wherex, < x <L < xn+1 by

ABCO e % gy (xax
= T (E9
) L- X

[EZ(Xn) 'Ez()§1+1)] f(x), % & %
X1~ X

This provides an estimate of the contribution of the element lying next to the boundar®L,
in terms of the more easily calculated contribution of the whole fictitious element < xn+1.
EquationE.7then becomes

g
u

o O & 1)
e i=1 9]

BN e ) Bfwed)] (%) (E9
Xn+1' Xn
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E: The YIX Method

Now, defineQi [ [Ex(xi1) ER(x))/(xi T xi1) andPil D(xi1) TE2(xi1) %r1QiT b, and note that
[Es(xn+1)  EB(xn)l/(xn+1 T xn) & dEs(xn)ldx = Ei(xn). These relations are substituted into Equation
E.9 which becomes, after some algebra usthg(xn) D{xn+1),
e ot 2
1o %f(0) @ fx) u[fr LQrs)] f(%) (E-10
e t

i=1

Oncex is specified, the constarits P, andQ are computed and stored; evaluation of the integral

I is then a straightforward summation. The grid spacing is nonuniform and is chosen so that the
contribution to the integral from each increment is roughly the same. The integration grid is thus
uncoupled from the choice of increment spacing.

An advantage of this method is th&f contains the local properties of the medium; if the
properties are nonhomogeneous but temperature independent, they are readily incorporated in the
solution. Some cases of this type are treated in Tan and Howell (1990). If the properties are
temperature dependent, the solution is iterative. The method is readily extended to
multidimensional geometries; the exponential integral fundide replaced by, (Appendix D)
in the 2D formulation, as discussed by Tan awavell. A 2D enclosure with an internal partition
is treated by Tan and Howell (1989b), and an anisotropically scattering square medium exposed
to a collimated source is analyzed by Tan and Howell (1990b). The method has been applied to
radiation with freeconvection in Tan and Howell (1991), and solutions of the resulting set of
equations were obtained using standard linear equation solvers. The method requires
precomputation ofomecoefficients in the solution, but greatly reduces the time for computing
the integrals in the radiative source.
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F: CHARTS FOR COg2, H2O AND CO EMITTANCE

Alberti et al. (208, 2029 useHITEMP 2010 lineby-line data to compose accurate
emittanceand absorptancgharts for CQ, water vapor and CO, along with pressure and overlap
corrections for mixtures of thesdsorbing/emittinggasesalong withnonparticipating\.. Aside
from the addition of CO to the original Hottel chaiettel 1954), the new charts are extended
to higher pressures and temperatufé® authors havalsoconstructecurve fits of the new
data to allow accurate interpolation, and made available an EXCEL worksiegthese
interpolationgo allow convenient calculation of the emittance of mixtwe€0O;, H.O, CO and
N2 at temperatures and pressures within the range of the computed emittance values (300 < T <
3000K and 0.1 < P < 100 atm). The worksheet is available at

https://www?2.cloud.editorialmanager.com/jgsrt/download.aspx?id=176181&quid=7aa9ce9
a-233e-4478-b41a-66d56844ed17&scheme=1

Prof. Alberti has kindly providethe charts for inclusion here, and they are reproduced
below.
For a gas mixture, the total emittance is found from

ot =B ch2€ cot 663 - D8 e (F.1)

In Eq. (F.1), the first three tesrare the emittances of the individual gases at their respective
pressurepath lengtk (barcm) andat themixture temperaturdoundfrom Figures F.1 F.3.These
are based on an equivalent pressugggiRen by

I:)EHZO = F2ot (1 -'50%20)
P = PR, (1 40.28%,) (F.2

RE® = Ry (1 40.00x)

where thex values are the mole fractions of each component in the mixture withhi next

three terms are the binary overlap correctiwos Figs. F.4 F.6, and the final term in Eq. (F.1)

is the ternary overlap correction, needed only if more than two gases are present in the mixture.
Thisfinal term is given by

De max( e £F DE: MO&2 CQ (F.3)

Some assumptions are built into the relations for pressure and overlap corrections, but comparisons between
emittance values computed from the chartasorksheetind lineby-line calculations have shown that the
graphical and worksheet results are within better than 1 percent ekdlceLBL values.Alberti et al.

(2018) give worked examplés illustrate use of thehartsand worksheet.
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F: Emittance Charts

Tam and Yuen (2019) provide an opsource tool for emittance and absorptance of-B&D-N,-Oz-soot
mixtures for combustion calculation&lberti et al. (2020) provide formulae for gas absorptance@f,H
CO,, and CO based on lidgy-line calculation and compare with earlier methods.

Carbon Dioxide’s Standard Emissivity Chart
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Water Vapor’s Standard Emissivity Chart
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Carbon Monoxide’s Standard Emissivity Chart
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Pressure correction of CO; using equivalent pressure Pg = P - (1+0.28 - 2¢c0,)
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Pressure correction of HyO using equivalent pressure Pg = P+ (145 - z11,0)
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Pressure correction of CO using equivalent pressure Pp = P
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F.7 Overlap Correction for Water Vap@arbon Dioxide Mixtures
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F.9 Overlap Correction for Water Vap@arbon Monoxide Mixtures

THE ORIGINAL HOTTEL CHARTS

Hottel and Sarofim, 196Mave been widely useafter they were published for radiative heat
transfer calculations in combustion chambéfhey were based on experimental data with
extrapolations to high temperatures and latgegoartial pressure regions based on theory.
Leckner (1972) gives empirical correlations for the total emittance derived from
calculations summing narrow band behavior over the spectrum for both water vapor.aintd€€O
most accurate expressions from Leckner agree within 5% to values calculated from dptctral

Ho t toeidindl graphsof the total emittanc&(pLe, T) for CO; and HO (Hottel, 1954;
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for T > 400K and are in close agreement with Hottel charts for ranges where Hottel based the
charts on experimental data. Docherty (1982) ¢
as well as with more recent experimental data and concludes thattegkwe pr edi cti ons
accurate than Hottel charts in the regions where Hottel extrapolated outside theofange
experimental datavailable to him.

Lecknerds correlati ons pmia andLgin et The nogelaston e f un
equation is

(T, pLe) :expfao a a\[log(ple]j

| j=1

\ (F.49
i N i .

wherea; =&; Q] 6 (T/1000' and the values afj are in Tabler.1for water vapor and for

CO..

TABLE F.1
Coefficients ¢; for Equation F.4 to Calculate Water Vapor and CO, Emittance

I Cyj Cyj Cyj Csj Cyj

Water vapor, T>400 K. M =2, N=2

0 -2.2118 —1.1987 0.035596

1 0.85667 0.93048 —0.14391

2 —0.10838 -0.17156 0.045915

Carbon dioxide, T>400 K. M =3, N=4

0 -3.9781 2.7353 —-1.9822 0.31054 0.015719
1 1.9326 -3.5932 3.7247 —1.4535 0.20132

2 —0.35366 0.61766 —0.84207 0.39859 —0.063356
3 —0.080181 0.31466 —0.19973 0.046532 —0.0033086

For water vapor, the pressure correction from Leckner is
Cio=1H ko 1) ne (F.95

[1.888- 2.053log T /100QR: 1,0 + 1.10( /1000f
R 0 +[1.888 - 2.053logy T /1000) +1.10( /1008§

whereL 0 =
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10g30[13.2( /10005 } logo Prsole )
; .

4
and Xy,0 =exp®
¢

The effective pressure is given B 0= Ptgl #4.9(p,0/R)(273M¥?  and Py is the total

pressure of the diH>O mixture. In the expression fgr, theT in the expression in square brackets
is replaced by 750 if < 750 K.
The pressure correction for G®@om Leckner is given by

Ceo, =1 { &0, I} (F.6

_ §.00+ 0.10T7 /1000}*° Bco, +0.22
Re.co, +§L.00 +0.10T /1000f° g -0.7

whereL o,

and Xco, =xp{ 1.47 mogo pegle]}-

The effective pressure is given Ib¥ co, = R[l 9©.28(Pcq, /Ptj , WhereP: is the total pressure of
the aiif CO, mixture. In the expression far, € = logo[0.225(/1000¥] if T > 700 K, and
& =10g10[0.054(T/1000} ?] if T < 700 K.
An empirical expression for the band overlap correction that is in good agreement with the
Hottel chart (Leckner 1972) valid for 1000T< 2200 K and all pressures is

é V4 10.4 0 2.76
e = 0.0089 =lo F.
&0.7+ 1012 2[8 G ol =7

where z $,0/(Po  Beo,): P=(Puo *Hro,) isin bars, and Le is in cm.

The emergence of the accurate line-by-line data bases (used in generating the charts and
spread sheet by Alberti et al. 2018) has largely superseded the pioneering work of Hottel.

Exampld~.1

A container with effective radiation thicknesslef= 2.4 m contains a mixture of 15 volume percent 0$,C0% HO vapor,

and the remainder air. The total pressure of the gas mixture is 1 atm, and the gas temperature is 1200 K. What is the
emittance of the gas?

The partial pressures of the gases are equal to the mole fraction of each times the total pressure. The mole fraction in an
ideal gas mixture is equal to the volume fraction, so the partial pressurecase= 0.15, pu,o = 0.20, andpar = 0.65 atm.

o N i
For water vapor, they values arey =Co; Q] Ci (T/lOOO) ,givingul b 0 &p W76, andsl b n. Wsing Bquation
i=
. Fooa . i
F.4(remembering to convert the pressures to bars),o(T,pL.) ®Xpja, aa gog(pL.) ‘gu 0313.
i =1 [
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A similar calculation for G@ivese(CQ) = 0.155. No pressure correction is necessary because the total pressure is 1 atm.
The overlap correction is calculated using

7z = Puo = 020 4579

Pro +Pco, 0.15 0.20

and
(Pro + Poo,)Le $0.15  6:20) (atm) 101325 (par/atm) 248 (cm)
=85.1(bar *m).

Substituting results in

a z 10.4 0 2.76
De = 0.0089 %% 8 L
&0.7+101 z @ng(p 2

0.051

The total emittance of the gas mixture is then

Cnxure =H® cb,e 0.8 0155 0051 0.417

Using the spreadsheet for the Alberti correlations gives a value of ey 9.401
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G: Radiative Transfer in Porous Media

G. RADIATIVE TRANSFER IN POROUS AND DISPERSED MEDIA

Radiative transfer in porous and dispersed media is reviewed in Tien (1988), Dombrovsky
(1996), BaillisDoermann and &adura (1998), Howell (2000Kamiuto (1999 2008, Nakauzi
(2012), and Schoegl (201&hich provide extensive bibliographies. Many early models neglected
the effect of anisotropic and/or dependent scattering that have been found important in some
applications. If the porous structure is well defined, newer models have moved toward numerical
and statistical modeling approaches that incorporate the detailed porous structure and its thermal
properties. Considering radiative transfer among the structural elements provides detailed radiative
transfer results but does not yield simplified engimgehneat transfer correlations. If the structural
elements are translucent, refraction at the dtlid interfaces must be considered as well as the
external and internal reflections that occur at these itesfésedook Section175.3). Almost
always, the structural elements are so closely spaced ¢pandent scattering occufisook
Section10.8. The assumption ohidependent scattering has been shown to fail for systems with
low porosity and for packed beds [Singh and Kaviany (1994)], and deviations from independent
scattering theory have been found at porosities as high as 0.935.

A less detailed engineering approach has been to assume that the porous material can be
treated as a continuum. This depends on the minimum porous bed or medium dinheredaiive
to the particle or pore diametdy, or Dpore, and the particle size parameser " Dp/a: For most
practical systems the porous material is many pore or particle diameters inlefdgsit or L/Dp
> ~10), and the pores or particles are large relative to the wavelengths of the important radiative
energy(3-> ~ 5). In this case, the porous medium may be treated as continuous, and the effective
radiative properties are measured by averaging over the pore structure. Traditional radiative
transfer analysis methods for translucent media can then be applied wiimgudetailed element
to-element modeling. When temperature gradients are large and/or the thermal conductivity of the
elements is small, the assumption of isothermal elements may not be accurate [Singh and Kaviany
(1994)]. Combustion in some liquicind gasfueled porous burners occurs within the porous
structure, producing large temperature gradients; temperatures within the porous medium can
increase by over 1000 K within a few pore diameters.

The energy equation for porous media analysis depends on the complexityaiiieen
to be solved. To determine the energy transfer between the porous solid and a flowing fluid, energy
equations are written for both the solid and the fluid, with a convective transfer term providing the
coupling between the two equations. This approachipeicalculation of the differing bed and
fluid temperatures. If the fluid is transparent (no absorption or scattering) the radiative flux
divergence is only in the equation for the absorbing and radiating solid structure of the porous
material. In this cse, the energy equations (in one dimension) become, for the fluid and solid
phases,

dly d3a, dF 6.

=L =gk 5 - 0 .
ruc ™ dxgé? . 0@ T ) (G.1)
da dl, §dq G2
dx%S dx 2 dx h(h %) 0 (G.2)
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G: Radiative Transfer in Porous Media

Thehy is the volumetric convective heat transfer coefficient, gmglthe volumetric energy source

in the fluid from combustion or other internal energy sources. The properties are effective
properties that depend on the structure of the solid and the flow configuration. If multiple species
are present, as for combustiadditional terms for species diffusion must be included in the-fluid
phase equation. The coupling of Equatiéhd and G.2 through the convective transfer terms
shows that radiation affects both the solid and fluid temperature distributions even when a radiation
term is only in the solid energy equation.

If there is no fluid within the porous medium, a single energy equation is used for the
temperature distribution of the solid structure. TEguationsG.1 andG.2 reduce tahe steady
form of Equation11.3 of the textwith no viscous dissipation. Alternatively, if the fluid flow rate
is sufficiently large, the volumetric heat transfer coefficient becomes dadéhe local fluid and
solid temperatures become essentially equal; Brgrationss.1 andG.2 combine to give

dT d§, dT odq .
ruc, — -— — 5+~ g O G.3
a dx dx‘?s;é<Eff dx 2 dx 4 ©.3)

In this equationkes is the effective thermal conductivity of the flusturated porous medium,
and the other properties are corrected for the porosity and are on a per unit of total volume basis.

Most analyses of radiative transfer in porous media rely on solving the radiative transfer
equation (RTE) and it is necessary to measure or predict the effective continuum radiative
properties of the porous medium. This can be done by direct or indiresureenents, or by
predicting the properties using models of the geometrical structure and surface properties of the
porous structural material. Most radiative property measurements are made by inferring the
detailed properties from measurement of radiatremsmission or reflection by the porous
material. Measured and predicted properties of various packed beds are discussed in Howell
(2000), and the properties of opeall foam insulation are studied in Baillis et al. (2000).
Haussener et al. (2009) use computerized tomography to determine the physical characteristics of
a packed bed of CaG@atrticles, and then use forward Monte Carlo to determine the spectral
scattering and absorption coefficients as well as the spectral phase function. Although the results
were independent of the reflectivity characteristics of the system boundariesdspediffuse),
they were strongly dependent on the assumed reflectivity characteristics of the p&daicie®
et al. (2020) usa Monte Carlo technique with a Heny&yeenstein phase function to analyze
radiative energy transfer through highly porous silicon carfioides anccompare the results with
measured transmittance and reflectance from sanipéggwal theory is employed by Hajimirza
(2022) to derive porous media properties, while Eghresad et al. (2023) provide a method for
characterizing porous media properties using artificial neural networks.

Solutions are difficult when the radiative mean free path is of the order of the overall bed
dimensions. Simplifying assumptions cannot be made, such as an optically thick medium, and in
this case a complete solution of the RTE may be required. Thituwmethod is often used when
onedimensional radiative transfer is assumed; however, if the particles in the bed are absorbing,
this method does not give satisfactory results [Singh and Kaviany (1994)]. If the solid structure of
the porous medium has a defd shape it is possible to use conventional suttasarface
radiative interchange analysis. This is used in Antoniak et al. (1996) and Palmer et al. (1996) with
a Monte Carlo celby-cell analysis to simulate radiative transfer among arrays of geometri
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shapes. Some research has tried to define an effective radiative conductivity that can be combined
with heat conduction. For use in optically thick systems with porosity between 0.4 and 0.5,
composed of opaque solid spherical particles with surface eityssiand thermal conductivity

of the solidcks, the radiative conductivity can be approximated by [Singh and Kaviany (1991, 1994),
Kaviany (1991)]

k. =4D, §3{o.5756,etanlg 1.5358( °§* | @ o+18}4 (G.4)

where k =k,/ (4D, §°). This is reasonably accurate for both diffuse apecular reflecting

particles fhe constants inQ.4) are sgecifically for diffuse surfacesind is weakly dependent on
bed porosity.

An early workon radiation transfer in dispersed media was by Viskanta and iideng
(1989). Bailis and Sacadura (1996, 2000) have expanded the concept and providezlighth
literature searchCarvajal et al. (2019) compare many standard radiation models for conduction
radiation transfer through higlensity insulation and compapeedictionswith NIST certified
values for fiber boardl'ransport phenomena, including radiation models in sydisifoams were
given by Pilon et al. (2001) and for glass foams the-sifatke-art was discussed by Federov and
Pilon (2002). Further applications to foams were reporteseveralstudies by Bdlis s gr ou p
[Loretz et al.(2008; Randrianalisoaet al. 2006;Randrianalisoa and Baillis (201@019;
Kaemmerleret al. (2010); Coquard et gR012). Diagnosis of foamy and bubbly media also
require understanding of radiative transfer and light scattering concepiscassed by Wong
andMendig (20032); Vaillon et al.(2004) Aslan et al. 2009; Swamy et al(2007); and Gay et al.

(2010. Monograpkondispersedystems summareémany formulations and applicatiosgecific

to practical problemsfombrovsky and Bdis (2010) Cunsolo et al. (201F)The case of long
cylindrical fibers in random orientations is analyzed for the geometric optics region using a
detailed Monte Carlo analysis in Nisipeanu and Jones (2003). Particle suspensions in liquid are
studied in Ma et al. (2015Ates et al. (2017) examine the effect of gray vs. nongray particle
properties in fluidized bed combustoksu et al. (2019) provide an alternative to solving the RTE
based on the use of a radiation distribution functiba (atio of the absorbed power by particle

to the totally emitted radiative power from the source partjc//u et al. (2020) use a similar
approach based on an approximation function model. Wehinger (2019) examines the importance
of radiation in fixedbed reactorsdashemi and Hashemi (2019) performed a numerical study of
2-D premixed methanair combustion in a combined porous fftene burner and compared the
results with experimenGhorashi et al. (2019, 2020) study a combined pehaesflame hbirner

both numerically and experimentallyia et al. (2020) use analysis and experiment to determine
the suitability of porous media burners using natural gas fuel for potential use in natural gas stoves.
Caetano et al. (2020) measured the angular distribution of radiation from porous burners of
zirconia and silicon carbid®©midi and Emami(2020) measure thermal efficiency, power, and

NOx emission vs. equivalence ratio in a metallic porous m@diaixedourner.Habib et al (2021)
experimentally study methane and biogas combustion in a porous Bivareg.et al. (2020) use

a Monte Carlo algorithm to find a gradpdrosity medium for use in a central solar power
absorber.

G.3



G: Radiative Transfer in Porous Media

REFERENCES:

Antoniak, Z. L., Palmer, B. J., Drost, M. K., and Welty, J. R.: Parametric Study of Radiative Heat Transfer
in Arrays of Fixed Discrete SurfaceB{T, vol. 118, no. 1, pp. 22230, 1996.
Aslan, M. M., CrofcheckC., Tao, D., and Mengug, M. P.: Evaluation of Micro Bubble Size and Gas Holdup
in Two Phase Gakiquid Columns via Scattered Light Measuremed@SRTvol. 101, pp. 52i/539,
2006.
Ates C.,Selcuk N.,0zen G., andKulah, G.:Benchmarking grey particle approximations against nongrey
particle radiation in circulating fluidized bed combustoi&l(5), 467484, 2017.
Baillis, D., and Sacadura, J.F.: Heat Transfer in Open Cell Foam Insuldtithsol. 118, nol, pp. 292
298, 1996.
Baillis-Doermann, D., and Sacadura, J. F.: Thermal Radiation Properties of Dispersed Media: Theoretical
Prediction and Experimental Characterizatd@SRTyol. 67, no. 5, pp. 32863, 2000
Baillis, D., Raynaud, M., and Sacadura, J. F.: Determination of Spectral Radiative PropertiesGeDpen
Foam: Model ValidationJTHT, vol. 14, no. 2, pp. 137143, 2000.
Barreto, G., Canhoto, P., and Collafareira, M.: Combined experimental and numerical determination
of the asymmetry factor of scattering phase functiongorous volumetric solar receiveiSoplar
Energy Materials and Solar CeJl206, 110327, March 2020.
Caetano,N. R., Lorenzini, G., Lhamby, A. R., Guillet, V. M. M., Klunk, M. A., Rocha, L. A. G
Experimental Assessment of Thermal Radiation Behavior Emitted by Solid Porous Mhaterial
Heat Technology38(1) 1-8, 2020.
Carvajal, S. A., Garboczi, E. J., and Zarr, R. R.: Comparison of models for heat transferders
fibrous insulation,). Research National Institute of Standards and Technplidyly, 124010, 2019.
Coquard, R., Rochais, D., and Baillis, D.: Conductive and Radiative Heat Transfer in Ceramic and Metal
Foams at Fire Temperatur&ste Tech.vol. 48 no. 3, pp. 69932, 2012.
Cunsolo,S., Coquard R., Balillis, D., and Nicola Biancq N.: Radiative properties modeling of open cell
solid foam: Review andew analytical lawlJTS,104, 12134, 2016.
Dombrovsky, L. A.:Radiation Heat Transfer in Disperse SysteBegell House, New York, 1996.
Dombrovsky, L.A., and Baillis, D.: Thermal Radiation in Disperse Systems: An Engineering Approach,
Begell House, 2010.
Eghresad, E., Tabassum, F., and Hajimirza, S.: A generalized characterization of radiative properties of
porous media using engineered features and artificial neural netd@#dT, vol. 205, 123890,
2023
Fedorov, A.G., and Pilon, L.: Glass Foams: Formation, Transport Properties, and Heat, Mass, and Radiation
TransferJ. NonCrystalline Solidsvol. 311, no. 2, pp. 15473, 2002.
Gay, B., Vaillon R., and Menguc, M. P.: Polarization Imaging of MultgtatteredRadiation Based on
IntegratVector Monte Carlo MethodlQSRTvol. 111, pp. 28294, 2010.
Ghorashi, A., Hashemi, A., Hashemi, M., and Mollamahdi, M.: Experimental study on pollutant emissions

in the novel combined porodeee flame burnerznergy,162, 517525, 2018.

Ghorashi, A., Hashemi, A., Hashemi, M., Hashemi, A., and Mollamahdi, M.: Numerical study on the
combustion characteristics in a porduee flame burner for lean mixturek, Mechanical Engng. Sci
19891996, Nov. 2019

Habib, R., Yadollahi, B., Doranehgard, M. H., Li, L. K. B., and Karimi, N.: Unsteady-leliracombustion
of methans and biogas in a porous burder experimental studyAppl. Thermal Engineerindl82,
116099, 2021.

Hajimirza S.: Precise Derivations of Radiative Properties of Porous Media Using Renewal Theory, arXiv,
arXiv:2211.08275v;1doi.org/10.48550/arXiv.2211.08275

G4


https://www.tandfonline.com/author/Ates%2C+Cihan
https://www.tandfonline.com/author/Sel%C3%A7uk%2C+Nevin
https://www.tandfonline.com/author/Ozen%2C+Guzide
https://www.tandfonline.com/author/Kulah%2C+Gorkem
https://www.tandfonline.com/toc/unhb20/current
https://arxiv.org/abs/2211.08275v1
https://doi.org/10.48550/arXiv.2211.08275

G: Radiative Transfer in Porous Media

Hashemi, S. V., and Hashemi, S. Fvestigation of the premixed methda@& combustion through the
combined poroudree flame burner by numerical simulatidtroc. Institution Mechanical Engineers,
Part A: J. Power and Energyan. 9, 2019.

Haussener, SL i p i, @sRetraschJ.,Wyss P., andSteinfeld A.: Tomographic Characterization of a
SemitranspareriParticle Packed Bed and Determination of Its Thermal Radiative PropgHi€s,
vol. 131, no. 7, pp. 07270072712 July 2009.

Howell, J. R.: Radiative Transfer in Porous Media, in K. Véddi),Handbook of Porous Medi&hap. 7,
Marcel Dekker, New York, 2000.

Jia, Y., Zhou, W., Tang, J., ahdio, Y.: Numerical and Experimental Studg Combustion Performance
of an Infrared Radiation Burnevith Porous Metal Plaque, in Z. Wang et al. (edBrpc. 11th
International Symposium on Heating/entilation and Air Conditioning (ISHVAC 2019)
Environmental Sciencand EngineeringSpringer Nature Singapore Pte L209-307,2020.

Kaemmerlen, A., Vo, C., Asllanaj, F., Jeandel, G., and Baillis, D.: Radiative Properties of Extruded

Polystyrene Foams: Predictive Model and Experimental ReS@SRT vol. 111. no. 6, pp. 865
877, 2010.

Kamiutg K.: Modeling of Elementary Transport Processes and Composite Heat Transfer i@ &pdar
Porous Materials, ifrends in Heat, Mass and Momentum TrandferRamchandran, exec. ed., vol.

5, pp. 141161,Research Trendgrivandrum, India, 1999.

Kamiuto, K.: Modeling of Composite Heat Transfer in Oigsllular Porous Materials at High
Temperatures, in A. Achsner, G. E. Murch, and M. J. S. de Lemos (Eddi)lar and Porous
Materials: Thermal Properties Simulation and Predictidviley-VCH, Weinheim, 2008.

Kaviany, M.:Principles of Heat Transfer in Porous MedBpringerVerlag,New York, 1991.

Liu, B., Zhao, J., and Liu, L.: Continuum approach based on radiation distribution function for radiative
heat transfer in densely packed particulate sysl€@B8RT 253, 107028, Sept. 2020.

Loretz, M., Coquard, R., Balillis, D., and Maire, E.: Metallic Foams Radiative Properties/Comparison
between Different ModelsQSRT vol. 109, no. 1, pp. 187, 2008.

Ma, C.Y., Zhao, J.M., Liu, L.H., and Zhang, L.: GPAdcelerated Inverse Identification of Radiative
Properties of Particle SuspensionsLiquid by Monte CarloProc. 5th Int. Symp. Computational
Thermal Radiation in Participating Medialbi, France 1-3 April 2015.

Mujeebu, M. A., Abdullah, M. Z., Abu Bakar, M. Z., Mohamad, A. A., MuhBdM. N., and Abdullah,

M. K.: Combustion in porous media and its applicatib@scomprehensive survey, Environmental
Managemento0, 22872312, 20009.

Mujeeby M. A.: Combustion in Porous Media for Porous Burner Applicatio@onvective Heat Transfer

in Porous MediaMahmoudj Y., Hooman K., andVafai, K. (eds.), Taylor and Frane@BRC Press,
2020.

Nakouzi, S.:Modelization du Procédé de Cuisson de Composites Infusés par Chauffage Infra Rouge
doctoralthesis, InstituC| ® ment Ader, Ecol e des Mines doAIl bi,
2012.

Nisipeany E. and JonesP.: Monte Carlo Simulation of Radiative Heat Transfer in Course Fibrous Media,
JHT, vol. 125, pp. 74852, 2003.

Omidi, M. and Emami, M. D.: Experimental investigation of premixed combustion and thermal efficiency
in a porous heating burnént. J. Energy Resaccept. 18 July, 2020.

Palmer, B. J., Drost, M. K., and Welty, J. R.: Monte Carlo Simulation of Radiative Heat Transfer in
Arrays of Fixed Discrete Surfaces Using @elCell Photon TransportJHMT, vol. 39, no. 13, pp.
28112819, 1996.

Pilon, L., Fedorov, A.G., and Viskanta, R.: Steatigte Thickness of Liguidjas Foams]. of Colloid

and Interface Scienceol. 242, no. 2, pp. 42536, 2001.
Randrianalisoa, J., and Baillis, D.: Radiative Properties of Densely Packed Spheres in Semitransparent
Media: A New Geometric Optics ApproactQSRTvol. 111, no. 10, pp. 1372388, 2010.

G5


https://www.researchgate.net/profile/Muhammad_Abdul_Mujeebu
https://www.researchgate.net/publication/337092617_Combustion_in_Porous_Media_for_Porous_Burner_Application
https://www.amazon.com/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=Yasser+Mahmoudi&text=Yasser+Mahmoudi&sort=relevancerank&search-alias=books
https://www.amazon.com/s/ref=dp_byline_sr_book_2?ie=UTF8&field-author=Kamel+Hooman&text=Kamel+Hooman&sort=relevancerank&search-alias=books
https://www.amazon.com/s/ref=dp_byline_sr_book_3?ie=UTF8&field-author=Kambiz+Vafai&text=Kambiz+Vafai&sort=relevancerank&search-alias=books

G: Radiative Transfer in Porous Media

Randrianalisoa, J.H., and Baillis, D.: Analytical Model of Radiative Properties of Packed Beds and
Dispersed medidJHMT, vol. 70, pp. 26475, 2014.

Randrianalisoa, J.H., Dombrovsky, L. A-Pulsed. Liaseri @&Es ki |,
Radiation on Transient Heating of Superficial Human TisdUeBVIT, vol. 78, pp. 488197, 2014.

Schoegl, I.: Radiation Effects on Flame Stabilization on Flat Flame Bu@ar#).and Flamevol. 159,
no. 9, pp. 281-2828, 2012.

Singh, B. P., and Kaviany, M.: Independent Theory versus Direct Simulation of Radiative Heat Transfer in
Packed BeddJHMT, vol. 34, pp. 2862881, 1991.

Singh, B. P., and Kaviany, M.: Effect of Solid Conductivity on Radiative Heat Transfer in Packed Beds,
IJHMT, vol. 37, no. 16, pp. 2572583, 1994.

Swamy, J.N., CrofcheglC., and Mengti¢, M.P.: A Monte Carlo Ray Tracing Study of the Polarized Light
Propagation in Liquid Foams, JQSRT, vol. 101, pp-529, 2007.

Tien, C. L.: Thermal Radiation in Packed and Fluidized B&d$, vol. 110, pp. 12301242, 1988.

Vaillon, R., Wong, B.T., andMengii¢ M.P.: Polarized Radiative Transfer in a Partielden Semi
transparenMedium via a Vector Monte Carlo MethatQSRT vol. 84, pp. 383894, 2004.

Wang, P.Li, J. B.,Zhou, L., andLiu, D. Y.: Acceptanceejectionsamplingbased Monte Carlmaytracing
in anisotropicporousmedia,Energy 199, 117455, May 2020.

Wu, H., Gui, N., Yang, X., Tu, J., and Jiang, S.: An approximation function model for solving effective
radiative heat transfer in packed bAdnals of Nuclear Energy. 35, 107000, 2020.

Viskanta, R., and Mengti¢, M. P.: Radiativ@nsfer indispersednedia,ASME Appl. Mechanics Revol.
42, pp. 241259, 1989.

Wehinger, G. D.: Radiation matters in fixedd CFD simulation€zhemie Ingenieur TechniR1(5),583
591, 2019.

Wong, B., and Mengug, M. P.: Depolarization of Radiation by FOd@SRT vol. 73, nos. 25, pp. 278
284, 2002.

G.6


https://www.sciencedirect.com/science/article/abs/pii/S0360544220305624#!
https://www.sciencedirect.com/science/article/abs/pii/S0360544220305624#!
https://www.sciencedirect.com/science/article/abs/pii/S0360544220305624#!

H: Benchmark Solutions

H. BENCHMARK SOLUTIONS FOR VERIFICATION OF RADIATION
SOLUTIONS

TABLE H.1 Incident radiationdpl andz-component of radiative flug. in cube of side length

2c exposed to uniform diffuse incident radiatipon bottom surface=1 c with nonhomogeneous

gray extinction coefficienp = (0.05€) + (0.456) { [ ¥ [ 1y¥/@) | [ZIA)])> isotropic
scattering, and scattering albadoResults tabulated along lizex = y = 0. Results by numerical
guadrature using 17 quadrature points (QM17) [Wu et al. (1996)] (origin of coordinates is at cube
center)

apl (z)/q(<  9(2/q(-9

z/(2c) w=10 w=05 w=10 w=0.5

10.49529 2.0674 2.0205 0.9466 0.9746
10.47534 1.9955 1.9427 0.9410 0.9691
10.44012 1.8730 1.8107 0.9246 0.9525
10.39076 1.7066 1.6302 0.8883 0.9150
10.32884 1.5055 1.4120 0.8251 0.8478
10.25635 1.2837 1.1745 0.7359 0.7508
10.17562 1.0588 0.9416 0.6311 0.6355
10.08924 0.8487 0.7345 0.5259 0,5197
0.00000 0.6667 0.5657 0.4325 0.4180
0.08924 0.5196 0.4374 0.3566 0.3374
0.17562 0.4081 0.3451 0.2987 0.2778
0.25635 0.3280 0.2813 0.2560 0.2357
0.32884 0.2729 0.2384 0.2252 0.2066
0.39076 0.2365 0.2100 0.2033 0.1867
0.44012 0.2131 0.1917 0.1882 0.1733
0.47534 0.1989 0.1803 0.1785 0.1647
0.49529 0.1914 0.1744 0.1734 0.1602
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TABLE H.2 Integrated intensitydpl and surface heat flux distributiomg, in cylinder with
diameter2r, = heightz, exposed to uniform collimated incident flogx= 1 on top surface = 0
(positive z extends vertically downward) with nonabsorbiggay homogeneous isotropic
scattering, scattering coefficiein, and optical thicknedso = ssz, = 0.25.Results tabulated along
radius 0 < <ro atz andz, and along axial position 0&< z, atr, andr.. Results by numerical
guadrature using 17 quadrature points (QM17) [Hsu et al. (1999)]

ti/tro

4pr( t, zlt)

4pl (t, -4)

0 (t,,0)

q;(th ;0)

tZ/ ;0 4pr( lﬁ, ZE 4pr( I, z)

ql:'. (t 101 i)

0.015625
0.078125
0.140625
0.203125
0.265625
0.328125
0.390625
0.453125
0.515625
0.578125
0.640625
0.703125
0.765625
0.828125
0.890625
0.984375

1.08356
1.08344
1.08313
1.08260
1.08188
1.08096
1.07980
1.07844
1.07688
1.07509
1.07303
1.07059
1.06747
1.06363
1.05879
1.04819

0.85828
0.85819
0.85790
0.85742
0.85678
0.85595
0.85490
0.85370
0.85233
0.85076
0.84899
0.84686
0.84405
0.84070
0.83654
0.82775

0.04490
0.04484
0.04464
0.04434
0.04390
0.04337
0.04271
0.04194
0.04106
0.04006
0.03892
0.03749
0.03557
0.03334
0.03064
0.02527

0.81969
0.81964
0.81944
0.81915
0.81873
0.81824
0.81761
0.81689
0.81609
0.81519
0.81417
0.81286
0.81106
0.80902
0.80660
0.80204

0.015625 1.08356
0.078125 1.09101
0.140625 1.08377
0.203125 1.07618
0.265625 1.06548
0.328125 1.05352
0.390625 1.04008
0.453125 1.02603
0.515625 1.01082
0.578125 0.99534
0.640625 0.97851
0.703125 0.96127
0.765625 0.94304
0.828125 0.92268
0.890625 0.90140
0.984375 0.85828

1.04819
1.04359
1.03439
1.02194
1.00914
0.99588
0.98229
0.96805
0.95352
0.93892
0.92381
0.90835
0.89258
0.87656
0.85956
0.82775

0.02810
0.03485
0.03913
0.04052
0.04168
0.04252
0.04302
0.04293
0.04252
0.04194
0.04088
0.03942
0.03771
0.03583
0.03307
0.02462

at 1=t ro/64, t r2:63t ro/64, tz1=t 20/64, 122=63t 20/64.
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Table H.3 Listing of Benchmark Solution References: Absorbing/Emitting/scattering Media in
Simple Enclosures

Geometry | Method | Parameter | Boundary Comments Reference
Range Conditions
3-D, Cube Finite Given spectral | Cold, black walls, Compares with YIX Burns et al.
element property isothermal medium, | and MC solutions. (1995)
variation, isotropic scattering
k(x.y.2);
w=0,0.9
2-D square Analytical | All optical One hot wall, three | Analytical solution; Crosbie and
enclosure thickness cold walls; cold best reference for Shrenker (1982
medium checking methods in
2-D
3-D, cube Analytical | All optical One hot wall, 5 cold | Analytical solution; Crosbie and
thickness; walls; cold medium, | best reference for Shrenker (1984
allw isotropic scattering | checking methods in
3-D
3-D, cube YIX k(x.y,z); Cold, black walls, Discussion of error Hsu and Tan
w=0 or isothermal medium, | sources in YIX (1996)
prescribed no or anisotropic solution relative to
linear scattering exact analytical
anisotropic solution of Crosbie
and Shrenker (1984)
3-D, cube Numerical | k(x,y,z); One hot wall, 5 cold | Results in Table F.2 | Hsu et al.
quadrature | w=0.5, 1.0 walls; cold gray (1999)
medium,
isotropic scattering
Cylinder with | Numerical | t=sg,=0.25 | Cold gray Results in Table F.1 | Wu et al. (1999)
height = quadrature nonabsorbing
diameter medium, isotropic
scattering, black cold
walls except hot top.
3-D, cube Discrete Given spectral | Cold, black walls, Examines error as a | Henson et al.
transfer and property isothermal medium, | function of angular (21997)
MC variation, linear anisotropic quadrature
k(X,y,2); scattering
w=0,05,0.9
3-D, cube YIX, MC Given spectral | All cold, black walls, Hsu and Farmer
property or 1 hot, 5 cold walls; (1997)
variation, isothermal medium,
k(x,y,2); isotropic scattering
w=0,0.9
1-D, and 2D, | Product 1-D;t = 0.1, 3-D: 3 sdjacent cold | Proposes method to | Tan (1998)
square Integration | 0.5, 1.0, 3.0 black or diffuse gray | reduce order of
and 3 walls; 1 hot wall, integrations required
anisotropic linear ansotropic for solution.
scattering scattering. Or, 4 cold
values. black or diffuse gray
2D:'t=1 walls, uniform
internal generation,
linear anisotropic
scattering.
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2-D square M1 Ss2 t=5 Black surfaces Planar radiation Gonzalez et al.
enclosure sources at various (2008)
locations within
medium.
2-D square S, S, M1, |t =07 10, One hot wall, three | Compares accuracy o| Tencer and
enclosure P. w=0-1 cold walls, all black | each method with Howell (2013)
analytical solution of
Crosbie and Shrenker|
(1982)
2-D square Ssand Qs |t =1, pure Black surfacesOne | General discussioof | Coelho (204)
and3-D for 2-D; S, | scattering hot wall, three cold | factors affecting
cubical Ssand 3> walls, isotropic accuracy of DOMwith
for 3-D. scattering for 2D; many references
1 hot, 5 cold walls
HenyeyGreenstein
phase function for-3
D
Annulus Analytical | Any value of | Black or gray Compares results with Le Dez and
between derivation |t orb, boundaries, gray prior solutions using | Sadat (2015)
concentric with w=0-1all medium, linear various methods
spheres numerical | radius ratios, | anisotropic
evaluation | all boundary scattering.
of temperatures.
weighting
functions

Some other benchmark solutions are in Spuckler and Siegel (1996), Olsq2@®@), Tan et al. (2000),
Gonzalez et al. (2009andJoseph et a(2009) Wijnanet al. (2021) provide benchmark solutions for
some cases with angularly and spectrally dependent surfaces.
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|: Integration Methods

I: INTEGRATION METHODS

[.1: NUMERICAL INTEGRATION METHODS

Integration methods are discussed for use in numerical solutions of pure radiation or combined
mode problems. For radiative exchange, the integrals are often functions of two position variables,
and integration is over one both For example, the configuration factdifgii ¢ from positionr;

on surfaca to positionr; on surfacg appears in the integral over surfgde obtainFgiij in the

form [see Equatiod.12in the tex}

Fo (6)= AdR, 4 (r,n)  F K, 1)dA (1.1)

Many ways can be used to numerically approximate an integral. Because the integrands in
radiative enclosure formulations are usually well behaved at the end bastsdnumerical
integration forms are often used that include the end p@msnmethods do not include the end
points and can be used when grmint values are indeterminate, such as for improper integrals
that yield finite values when integrated. In analyses including convection and/or conduction, the
numerical integration will usulgl use the grid spacing imposed by the differential terms. In some
situations,it is enoughto use numerical integration methods that have regular grid spacing.
However, uneven spacings are often advantageous to place more points in regions where functions
have large variations, or to adequately follow irregular boundaBiasssian quadraturean be
used for variable grid spacing. Simpler schemes such dasaiezoidal ruleorSi mpsonds r u
may be adequate for some problems. These often employ uniform grid spacing and are closed,
whereas Gaussian quadrature is open. The trapezoidal rule can readily be usewmithifarm
grid size. Textbooks on numerical methods provide detailed presentations of the many available
integration methods and their relative accuracies, advantages, and disadvantages. Libraries of
computer codes and computational software packages have manwtisidsrdor single or
multidimensional numerical integrations that can be applied directly.

I.1.1 TRAPEZOIDAL RULE

Thetrapezoidal ruleis a closed numerical integration method that can easily employ a variable
increment size. Consider the function in Figuie where an equal grid spacinggéis shown for
the integration range from to zv. In the trapezoidal rule each pair of adjacent points, such as
f(x,z) andf(x,z+1), is connected by a straight line. Then the integral fgdmz + is approximated

by

(09+ fa(¥

7" (902 (7, -

This approximation can be made for each interval between grid points, so an irregular grid spacing
can be used. Faqually sized incrementthe sum over all intervals gives the approximation

R fxDd® D f(x & f(X 2riCX 12
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filx, zJ.{J =f; (x)

X = constant

flx, 2)
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[ N I
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FIGURE 1.1 Numerical integration of the functid(x, z) with respect to for a fixedx.
EXAMPLE |.1
Using the ring-to-ring configuration factor, evaluate the configuration factor from a ring element on

the interior of a right circular cylinder to the cylinder base for the geometry in Figure 1.2 when x =r.
Use the trapezoidal rule and compare the result with the analytical solution.

dA 2

.

|-'-1- e -‘='-|

FIGURE 1.2 Geometry for configuration factor from ring element on interior of cylinder to ring element on
base.

The factor from dA: to a ring dAz on the base surface is

2XR(1+ X -R) dR

dF,, (X,R= (1.3)
d1: d2( R) [(1+X2 _I.Rz)z 4R2]3/2
where X = x/r and R =} /r. For this example, X = 1, so f(X = 1, R)) for Figure 1.2 is given by
2R (2- 32)
f;(X=L,R) *f(@Q W
where R; = jgR and gR = 1/N. Letting fj()( =1 B) ij @,
_ 2jDR[2 -(j B’ 2
fO(l)_ 0! fj (1) [4+(J B)4]3/2 ’ fN (1) 5372
These terms are substituted into Equation 1.2, and for N = 5 Vvyields

Fo,(X=1) 1/5)[(1/2 ©® 0109794 0#8225 023451 085 (1/2)+0.17889] 0.167¢
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The exact configuration factor is in Appendix C of the text as

X*2+E «
Fu (X=1) =——2_ X', X' =
(X" +1)"? 2r

X
2

N

which gives F.,(X=1) :Fdl_z(x* @&5) 0=1708. Larger numbers of increments improve the
accuracy as follows:

N Fari2(X = 1) % Error
5 0.16783 11.75
10 0.17007 10.44
50 0.17079 10.02
100 0.17081 10.006
200 0.17082 0
[.1.2 SIMPSONGS RULE
The usual Simpsonés rule is obtained by passi |

equally spaced increments the integral fpho z + 2 is approximated by
~Fj+2 Dz
3 f(z)dz° 3( i 4f. £

Because this uses tvgz increments, the repeated application for a range with many grid points
requires arvenmumber of increments (an odd number of points) NFequally spacethcrements
in Figurel.l, the result is

AN Dz
Qf(z)dZOE(gﬂ\f 21, 44 ---+4f+ 1)) (1.4)
| f an odd number of i ncrements must be used, !

of increments, and the trapezoidal rule used for the remaining increment.

If the curve in Figurd.1 goes through a sharp cuspligeak, it may not be accurate to
apply Simpsondés rule i f the peak is at the ce
behavior is not accurately approxi mated by a
two increments on each sidéthe peak. Care should be used in selecting a suitable integration
scheme for each application.

Higherorder approximations have been developed by passing a cubic curve through four
adjacent points, a fourdbrder curve through five adjacent points, etc. These yieldNdveton
Cotes closed integration formulasf whi ch t he trapezoi dal and Si
Using a cubic curve through four adjacent points is c@8ledmp s on6s, second rul e

A7 f@de 2205 e f, 31, fr) 1.5
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In most instances, the functions inside the integrals of the integral equations are
complicated algebraic quantities. This is because they involve a configuration factor. There is
usually little chance that an analytical solution can be found, so a namsoiation is used.
Consider the simultaneous integral equationBqoations 5.21.1 and 5.2102 Example 5.21 in
the text.With T1(x) andT2(y) specified, the right sides are known functiong afidy. Starting with
Equation5.21.1 a distribution forp(y) is assumed as a first trial. Then the integration is carried
out numerically for various values to yieldy(x) at thesex locations. Thisy(x) distribution is
inserted into EquatioBh.21.2and ago(y) distribution is determined. Thig(y) is used to compute
a newqi(x) from Equations.21.2and the process is continued uniilx) andagz(y) are no longer
changing as the iterations proceed.

To perform the integrations in a computer solution, an accurate integration subroutine is
required. Many subroutines are available, and they may require functions su¢k) asdagz(y)
evaluatedat many evenly or unevenly spaced values oftrendy-coordinates. The values can
be obtained by curve fitting thee(x) andagq(y) after each iteration with standard subroutines such
as cubic splines. Thei(x) andgz(y) are then interpolated at tlkeandy values called for by the
integration subroutine. Arecaution should be noted. A quantity such d&q «  imay;go through
rapid changes in magnitude because of the geometry involved in the configuration factor; for
example,dFq k 7 Bjay decrease rapidly as the distance increases betldeamd dA For small
separation distances, there can be a strong peak in the integration kernghoQltddaken that
the integration method is accurate for the functions involved. The integration should be done on
each side of a sharp peak and not passed through it.

The Monte Carlo method of Chapter 14 in the text can be used for evaluating integrals, and some
discussion of the methodology is given there.

Direct solvers for a set of simultaneous equations can also be used for integral equations. The
integrals are expressed in finigference form to provide a set of simultaneous equations for
theunknowns at each increment position as in Exarple

Examplel.2

For integralEquation 5.19.1of Example 5.1%f the text derive a set of simultaneous algebraic
equations to determineh(3) for | = 4. For simplicity, divide the length into four equal incremeqi$ (
= 1) and use the trapezoidal rule for integration.

When Equation 5.19.1 is applied at the end of the tube wizered, the relation is obtained:

3(0)- g;&(O)K(O 0

) 2(K(1 0y @)K(2 o)

+3(3)K(3 (-9

) Fa(a)K(4 0)ED) a=

The quantity in brackets is the trapezoidgale approximation for the integral. Th&(\h - \)x
dF(h - [xd is the algebraic expression within the braces of Equabdi®.2. The(0) terms in

Equationl.6 are grouped together to provide the first of Equatibd. The other four equations are
the finite-difference equations at the other incremental positions along the enclosure:
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)& SK(O) FIOKED 3(2)K(2) HIKE) S3(AK(A) a =
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These equations are solved fdrat the five surface locations. From symmetry, and vgtkiniform
along the enclosure, it is possible to simplify the solution for this example by g X(4) and
D(1)=2%(3).

Equations such as Equatioi are first solved for a moderate number of increments along the
surfaces. Then the increment size is reduced, and the solution is repeated. This is continued until
accurate)(s) values are obtained. Equatiohg use the trapezoidal rule as a simple numerical
approximation to the integrals. More accurate numerical integration schemes can be used, which
may reduce the number of increments require@f@mughaccuracy.

Examplel.2 has only one integral equation. For the situation with two integral equations in
Equations.21.1 and 5.21.8f text Example 5.2Jach surface can be divided into increments and
equations written at each incremental location. This yiglsisnultaneous equations for the total
of N positions on both plates that are solved simultaneously faytkeandaz(y). This procedure
is an alternative to the iterative solution described previously. The solver for the system of
simultaneous equations may work bsrétion.

1.1.30THER NUMERICAL INTEGRATION METHODS

Additional numerical integration technigues include Romberg integration, in which the trapezoidal
rule is utilized. The integration is performed with a small number of increments and is then
repeated for twice the number of increments by adding the catidrils from the additional points,

four times the number of increments, etc. The sequence of integration results is extrapolated to an
improved result using Richardson extrapolation [see Press et @®2)](IBhe process is continued

until desired convergence accuracy is achieved in the extrapolated result.

Gaussian integration is very useful; this is an open integration method using an array of
unevenly spaced points. The uneven points can be positioned between a fixed grid of evenly or
variably spaced points. This can be done by curve fitting, such asbiy splines, for the
individual portions of the curve between the fixed grid points. Values of the integrand at positions
between the grid points for use in the Gaussian method are interpolated using the spline
coefficients.

Many numerical integration subroutines have been written for computer use and the
software can be readily applied. Cufitting software routines are available that can be used in
conjunction with Gaussian or other techniques, requiring interpolatiootémaunevenly spaced
values of the function being integrated. Some subroutines perform multidimensional integrations.
Computational software packages for mathematics provide numerical integration using, for
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exampl e, Romberg integration, Si mpsonbés rul e,
points are also treated.

Fan et al. (2019) examine fast algorithms for solving the steadyirstageal form of theRTE
based on fast Fourier transforms for homogeneous media and a recursive skeletonization
factorization technique for inhomogeneous media. They show that a unique solution to the RTE
exists and provide sample solutions for isotropic and anisotropicreogite2- and 3D Zhou et
al. (2020) propose methods to subtract singularities in integrated forms of the RTE for use in
analytical and numerical solutions.

[.2: ANALYTICAL INTEGRATION METHODS FOR ENCLOSURES

The unknown wall heat fluxes or temperatures along the surfaces of an enclosure are found from
solutions of single or simultaneous integral equations. The integral equations in the formulations
up to now are linear; that is, the unknowrs, or T 4 variables always appear to the first power
(note thatt % is the linear variable rather thah For linear integral equations, there are various
numerical and analytical solution methods; these are discussed in mathematics texts.

For some simple geometries and special conditions, the integral equations describing radiative
transfer among surfaces may be solved analytically. Such solutions are usually limited to single
surface or twesurface enclosures, so are not described hetetail.

If the kernel of the integral equationseparablethat is,K(rj,r«) = Fi(rj)Fk(rv), thenrFi(r) may
be removed from the integral ovgr possibly simplifying analytical or numerical integration.
However, the kernel in radiation problems usuallyasseparable. The general theory of solution
of integral equations using separable kernels is in Hildebrand (1992) and an application using a
separable exponential approximation to the kernel (Usiskin and Siegel 1960), allowing reduction
of the integral equain to a differential equation, is in Buckley (1927, 1928).

The variational methodHildebrand 1992) may be applied if the kernesysnmetri¢that is,

K(z;d) =K(d,3). This approach has been used for radiation in a cylindrical tube (Usiskin and Siegel
1960) and for radiative exchange between infinitely long parallel plates of finite width (Sparrow
1960).

An approximate solution may be obtained throughaglor series expansiofKrishnan and

Sundaram 1960, Perlmutter and Siegel 1963), which works well if the k&r@el - )Idecays

rapidly as3-1 dincreases as for the cylindrical geometry illustrateBigure 519. The integrand

of the integral equations then becomes a series that may be truncated after a few terms and then
integrated term by term, reducing the integral equation to a differential equation. Applications are
in Choi and Churchill (1985) and Qiaoadt (2000).

Themethod of Ambartsumiaran be applied if the temperature or heat flux boundary conditions
can be approximately described by an exponential variation or a sum of exponentials, allowing
transformation of the integral equation into an initial value problem (Ambartsumian 1942,
Kourganoff 1963, Crosbie and Sawheny 1974, 1975)

The problem of finding the intensity leaving a circular opening in a spherical cavity exposed to
external uniform heat flux incident on elemeai®, ge(dA2), and with a prescribed internal
temperature distributio(dAy) on the cavity surface has been solved analyti¢diob 1957,
Sparrow and Jonsson 1962). If the internal surface of the cavity has emigshéty the intensity
leaving an elemerA.* through the cavity opening indarectionis found to be
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o lal e &~ 4 o J
_J(dR) © 5'(aA ) o iR &fje S'0mdA + ffam da

p 1- (1 - )&\ /4 Rp

| (0a) (1.8)
All these analytical methods become intractable when multiple surfaces are present, and
numerical solution techniques are almost always required for more realistic cases.

|.2.1EXACT SOLUTION OF INTEGRAL EQUATION FOR RADIATION FROM A SPHERICAL CAVITY

Radiation from a spherical cavity as in FiguBa was analyzed by Jakob (1957) and Sparrow and
Jonsson (1962). The spherical shape leads to a relatively simple hetggasiion solution because

there is an especially simple configuration factor between elements on the inside of a sphere. For
the two dfferential elementsa anddac in Figurel.3b,

_ COsg; Cosg
dFdj-dk —?dpk (lg)

Since the sphere radius is normal to bd# and dA the distance between these elements is
S=2Rcodj = 2Rcogk. Then, Equatioh.9 becomes

dA - _dA (1.10)

dRy g =——5 =22

dj- dk 4pR2 A
where As is the surface area of the entire spheradAf exchanges with the finite area, then
Equationl.10 becomes

o= o oA A
Fai- « 4pR2£FA< AR A (1.12)

Equationl.11 isindependentf dA, sodA can be replaced by any finite agdo give
= A A (1.12)

4R A
The configuration factor from any area to any area is simply the fraction of the total sphere area
that thereceivingarea occupies.

Fj-k
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y I(dA})

; A? (spherical cap
/ covering cavity opening)

(b) —
Figure 1.3 Geometry for radiation within spherical cavity, (a) spherical cavity with diffuse
entering radiatiome and with surface at variable temperatorand (b) area elements on
spherical surface.

Consider the spherical cavity in Figur8a with a temperature distributiofi(dA:) and a total
surface ared@i. The spherical cap that would cover the cavity opening hasfardssume there
is diffuse radiative fluxje (per unit area of\2) entering through the cavity opening; theean vary

over Ax. It is desired to compute the radiation intensii(ylA*) leaving the cavity at a specified
location and in a specified direction, as shown by the arrow in FigaeThe desired intensity

results from the diffuse flux leavinglA® and equalsJ;(dA)/p. The J;(dA) is found by
applyingEquation 5.58:

L(dA)- (L - pfp(dA) o, (- )- ofpd df ., o H el (13

A la?
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and an exact solution will be found. TRéactors from Equatioh.9 are substituted to give

(Y. dA) dA 1 1 © ﬁde) dA + e ?Fé d’é) (1.14)

Jl(dA*)-i

To solve Equatioh.14, a trial solutionJl(dA*) = f( dAS*\) +Cis assumed, wheré (dA') is an

unknown function of the location afA’, andc is a constant. Substituting into Equatlat4 gives

(dA)+C 1pR15‘ (dA) da 31;5; &a i—é_ " dfjdy da l+ﬁ sﬁ& (1.15)

From the two terms that are functions of local positid)r(dA’f) = e Tgf‘( dAj). The remaining

terms are equated to determ@e€This gives the desired result as an exact solution:

1(08) o () peare ”ﬁel s (am)aa + ff o) ¢

p P 1- (1 - 1 pA/4 Rzp
.3 NUMERICAL SOLUTION METHODS FOR NONLINEAR EQUATIONS

| (dA;) = (1.16)

Most nonlinear equations for mixedode problems with radiation can be cast in the form
A @i +B &Y G ] (1.17)

It is important to examine the relative values of the elemfgraadB;. If the Aj are comparatively
large, the problem can be treated as lineay; iconversely, for largB;jj, the problem can be treated
as linear inJ¢. When the coefficient& andB are approximately equal, other treatments are in

order.

If we define A = A 4B 2, Equation.17 becomes
A @ +8 @Y@Ae B Jg 36 fa [ (1.18)

This is a set of linear algebraic equations with coeﬁicieﬁtsthat are variable and nonlinear. The

equations cannot be solved by elimination or direct matrix inversion, betaesg are

temperature dependent and thus are not known. Some numerical solution methods are now
discussed.

1.3.1SUCCESSN&BSTITUTIONIETHODS

1.3.1.1 Simple Successive Substitution (SSS)
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A simple solution method is to assume an initial set of temperaIlLﬁ?)eand use them to compute
gAT (J(jo)) : This provides values for the elements in the matrix of coefficients, leaving the

temperature vectowj as the unknown. Equatidri8is then solved for a new set of temperatures

g ") from

A (00) g1 gic] 119

This process is continuedtil the difference between successive temperature sets is less than an
acceptable error, indicating convergence. A difficulty is that this method depends on an accurate
initial guess for §j]. An inaccurate guess can lead to unstable iterations that may diverge rapidly.
For an extended discussion of some of the pitfalls of SSS, see Howell (2017).

1.3.1.2 Successive Underrelaxation

The simple successive substitution (SSS) method can be modified to obtain convergence in many
cases if Equatiohl17 is written as

¢ (9,7) g9 gia) (1:20)
where theszk (J’;(”)) are computed at each iteration by using a modified temperature

J® = 4" @1+ )i (1.21)

TheUis a weighting coefficient, aelaxation parameterin the range ®@UO1. WhenU= 1, the
successive underrelaxation (SUR) method reduces to SSS{i¥henthe new guess is weighted
toward the previous guess (i.e., underrelaxed), and oscillations between iterations are damped. If
possible, theJ should be chosen or found that provides optimized convergence. Decrdasing
usually provides slower convergence, but greater assurance that convergence will occur.
Sometimes decreasintgsomewhat will increase convergence by reducing osmijlebehavior.

Values ofU& 0.3 are reported by Cort at (1982) to provide rapid convergence in many cases.

1.3.1.3 Regulated Successive Underrelaxation

Cort etal. (1982) proposed a method of regulated successive underrelaxation (RSUR) that allows
the underrelaxation factaito be chosen and modified for successive iterations. They recommend
the following: (1) InitializeU= 1; (2) solve Equatioh21 for Jj(”) (for the first iteration, an initial

guess ! must be provided); (3) solve Equatib®0 for 37 (4) calculate

1.10
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é-,:l (n+1) 2 9
™ g (PP u (1.22)
Ei= §
(n+1) é,-':l n1)\2 18
R :(?a ( ‘j ) u (1.23)
Ei= H

and ifvi™ 9> v or jf V™D > (1/3)R™D), reducelby 0.1; and (5) repeat steps (2) through (4) until
convergence.

Equationl.22 checks for divergence of the solution between iterations, and Equagas used
to see whether the residual error after each iteration is smaller than a measure ofrttearoot
square temperature over the region of the solution. The latter check eliminates slowly oscillating
but converging solutions that pass the test ofaiqn1.22 but converge very slowly.

Another approach is to rewrite Equatioh7 as:

N Y
AT 4B (0% ¢ Ha ygp 10 B( o)’ 9P (1.24)
j=1

whereli; is the Kronecker delta. An initial set of temperatur@ss guessed, and; is evaluated
based on this set. Then th@ are found by iterative solution of Equatibt24 and are used to

evaluate the next set Bf. This process is repeated to solvesd8runtil convergence. Tan (1989)
points out that, for a given valueipEquation.24 is a quartic equation with a single real positive

rootJ™ given by
2 -
g Y -2 (1.25)
2 (p-)° 4
. 12
a 4D, O 2
herep=251 +1°0 g, y =
WEIEPTEE Ty 0 Y Tar g™ gs 9M(s 9 ()
0 2. & 31’56
andr = 190 3 s =’ 8 0g-
28eai < é 3% Ve

Thus, for each set @, thes™ can be found directly from the nonlinear Equati@ rather than

by an inner iteration and then can be used to evaluateDaend continue to the next main
iteration. This method is quite fast and can be combined with the SUR technique to determine
succeeding approximations to provide a method tHadtisstable and fast.
1.3.2NEWTONRAPHSONBASEOMETHODS FARONLINEARPROBLEMS

1.3.2.1 Modified NewtogRaphson

.11
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A modified Newtoii Raphson (MNR) method is in Ness (1959) for the class of nonlinear problems
encountered here. Starting from Equatids7,

8A @ig tB &Jges) o (1.26)

an initial approximate temperatusé’ is guessed at each node. A correction fadtds then
computed so thay; = (JPJ # This < is used to compute a najy and this process is continued

until G becomes smaller than a specified value. Gihare found by solving the set of linear
equations:

[f][d] Ef] O= (1.27)
where
f =aN AP )’ ec. (1.28)
and
fi=A g ( Q) (1.29)

The MNR method may not converge if a poor initial temperature set is chosen.

1.3.2.2 Accelerated NewtarRaphson

Cort etal. (1982) proposed a method in which the amount of changeanheach iteration is
adjusted to accelerate convergence. They recommended thanttiee MNR method be replaced

by

f=A £ _(@)* g (1.30)
[1- ( B)]

This effectively modifies the slope of the changes; inith respect to iteration number compared
with that used in the MNR method. Hoe O, the accelerated NewidRaphson (ANR) method
reduces to MNR. Ib is too large, oscillations and divergence between iterations may occur. For
b= 0.175, the number of iterations to provide a given accuracy for a particular problem was
reduced from 28 using MNR to 12 using ANR, and reductions in computer time of up to 80% were
obtained. A starting value &f= 0.15 isrecommended by Cort at.

|.3.3.3APPLICATIONS OF UBMERICAMETHODS

Results using the aforementioned methods were compared in @br{¥82) for some typical
radiatiori conduction problems with temperatitdependent properties and internal energy
generation. Consideration was limited to surfaces with radiative exchmiglesk surroundings

.12
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at a single temperature, and the solutions were by finite elements. Because the example problems
in this section showed that even complicated radiationductioficonvection problems with
multiple surfaces reduce to the same general form of Equdtidisthe conclusions probably

apply to a broader class of problems than was studied. In Costello and Shrenk (1966), a linearized
solution is proposed that speeds convergence over the MNR method. For problems that are either
conduction or radiation dominatedwhere both modes are important, the method performed well,
providing a factotof-ten improvement in solution speed. It was found that the SUR method gave
convergence with the fewest iterations and the least computer time; RSUR was useful to find the
optimum value of the relaxation parametior use in the SUR method. For the NevitRaphson

method, ANR was always faster than MNR, but neither method was as fast as SUR.

In Howell (1992 2017, the convergence ranges and behavior of equations of the form of
Equationd.17 are discussed, and the various solution methods of this chapter are examined.
Nonlinear equations of this type can have behavior characterized by bifurcations andfchaos
successive iterationso that steady solutions carried out by SSS, SUR, etc., may not converge.
This is true whether the equations are cast as radiation dominated -ordesttemperature
dominated or the equations used are in mixeunfguch as Equatiohl8. Decreasing the
relaxation factor extends the range of convergence, but often will not yield a solution for some
ranges of parameters without unacceptable computer time. For condradiation problems,
bifurcatiori chaos behavior results from the numatimethod chosen and the equation form and
does not imply that multiple physical solutions can exist. However, when there is coupling between
radiation and the flow field, as in combined radiation and free convection, multipleeadhys
steadystate solutions may exist. The particular flow configuration reacheal steady state
analysismay depend on the initial conditions chosen and the set of velocity and temperature fields
that are traversed in reaching steady state. In some cases, no steady solution is reached; it may be
possible to solve for the steadtate solution by using a fullyansient solution that proceeds to
the final steady state from physically specified initial conditions.

Numerical solution techniques for steastpte and transient combinetbde problems with
surfacé surface radiative exchange are examined and discussed by Hogan and Gartling (2008).
Three techniques that sequentially sdiweradiative transfer followed by solution of the energy
equation with a radiative source term are compared with a fully coupled solution. For the two
example problems studied, the fully coupled method always produced the most accurate solution,
although exeation time made it unattracevfor very large problems. A semmnplicit technique
with a Newton type of update appeared to be the best choice for very large problems.

The finitedifference and finiteelement numerical procedures that have been described used
radiative enclosure theory with finite or infinitesimal areas to obtain a set of simultaneous
equations with configuration factors for radiative exchange betwettsareas. Convection was
specified in terms of a heat transfer coefficient for each area; for example, for radiation exchange
inside a tube with a flowing transparent gas, the heat transfer coefficient inside the tube is obtained
from available resultérom tube flow analyses or experimental correlations. For some situations,
however convection is quite dependent on the surface temperatures, such as for free convection,

.13
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or the geometry is complex so that convective heat transfer correlations are not available with
desired accuracy. In these cases, analyses have been made where convection is solved
simultaneously with radiation as the flow and surface temperatures arglgtmoupled;
conduction may also be included, such as for free convection and radiation from a cooling fin as
discussed in Section 7.408 the book To solve for the convection heat transfer, the methods of
computational fluid mechanics are used.

Another consideration is that the analysis may not use configuration factors. The radiative
exchange in an enclosure can be computed directly by-ta@pg technique such asMonte
Carlo method Chapter 14 of the bogkThis may be necessary if the surfaces are not diffuse so
that configuration factors do not apply. Another solution method where radiation is followed along
directions is by use of discrete ordinates. The discrete ordinates method, discussed in €hapter 1
was developed for enclosuresdd with a medium that is not transparent, but rather absorbs, emits,
and scatters radiation. If radiative participation by the medium is omitted, the method can be
applied to enclosures containing a transparent medium such as a convecting nonradidting gas
this method, the angular directions from each surface element are divided into a finite number, and
radiation is followed along these discrete directions to evaluate the radiative exchange. In Tan
etal. (1998), discrete ordinates are used in comioinatith the SIMPLE computer algorithms
developed for computational fluid mechanics (Patankar 1980) to simultaneously solve the mass,
momentum, and energy equations along with radiation transfer between surfaces.

For natural convection combined with radiatiomany computational methods have been used
for simultaneously solving the fluid flow and energy equations with radiative exchange. In Zhao
etal. (1992), free convection and radiation were analyzed for heated cylinders in a rectangular
enclosure. In Dehghan ar8ehnia (1996), net radiation enclosure analysis was used for the
radiative transfer, and the flow and energy equations were placed indififgteence form and
solved with a pseudo transient methodnalgze free convection in a cavity with a local heated
area on one vertical wall. A vented cavity with a discrete heat source was analyzed by Yu and
Joshi (1999) using the numerical methods from Patankar (1980); this study included combined
radiation exchage, conduction, and natural convection, with the gas in the cavity being
transparent. Free convection of transparent air in a heated vertical channel with one or more vents
in one wall was analyzed by Moutsoglowaét(1992). The flow and energy equasamere solved
by using finitedifference computational methods as developed by Patankar and Spalding (1972)
and van Doormall and Raithby (1983).
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J: RADIATIVE COOLING

Under certain conditions, enhanced coollmg radiationfrom surfacesis useful This can be
achieved if the emission from the surface is enhanced at the longer wavelengths where most of the
cooling (radiative energy loss) takes plalteaddition it is desirable to minimize the radiative
energy gain of a given surface at the same time. This can be realized by decreasolar the
absorption and increasing thie emission of the surfac&uch spectrally selective surfaces can

also be useful where it is desirable to cool an object exposed to incident radiatiomyrbigha
temperatue source. Common situations are objects exposed to the sun, such as a hydrocarbon
storage tank, a cryogenic fuel tank in space, the roof and facades of a building, or electronic
equipment which gets hot due to internal heat generation. There are sexkesl gublished over

the yearson enhancd radiatve cooling during nighttime @atalanotti et al. (1975); Granqvist

al. (198); Eriksson andGranqvist (198); Berdahl et al.(1983); andn@th (2009) and his
colleaguesGentle et al(2013), and Family et al. (202Q).

Fewnatural materialbavethedesired radiativepectral characteristidRadiative cooling can
be enhancedsing tailored properties of surfaces in btite spectral and directional sense (see
Section3 .4 of the text)

The largest impact of radiative cooling would be on buildings, which consume more than one
third of the energy in the US, as well as in most energy intense countriesondlitioning
requirements and costse significant. Ifa passive systernould be employed to help minize
these costs, would beasignificant helgn improvingenergy efficiency. Buildings receive energy
mostly from sun and emit at about room temperatures. This means that most radiation incident on
buildings, which cause radiation gainnsarvisible wavelengths. If the buildings themselaes
assumed to be at about 300 K temperature, then their emission wavelength peaks anmund 10
foll owing the Wien Law. The Earthodés atmospher
waves between 8 and 13 um that coincides widptdak thermal radiation wavelengththese
temperatures. Thereforbuildings can lose radiation quite effectivéhrough thisatmospheric
transparency window, particularly under clear sky conditions, both day and night!

A number of studiesnradiative coolingarediscussed by Zhu et al. (2013). It is important to
achieve not only nightime cooling, but also daytime cooling. Given that there will be solar
absorption during the times that cooling is most desirable, a de¢sigrdybalances needed to
determine a surfaaguilibrium temperaturthat isbelow ambientTo achieve thisZhu et al. have
shown that it is necessary to achieve ovep@&&entsolar radiation reflection during the day.

To achieve solar cooling, wenead 6 d e si g n e r Qdargereflecfivilyin¢he spécmat h a s
region of visible (short) wavelenghts to block thmeak solar energybut has large
absorptivity/emissivity at famfrared (longer) wavelengths, where the surface emission geaks.
these fAspectrally/directionally selectiveodo s
parameter is defineas the ratio of its directional total absorptivilyd;, fi, Ti) for incident solar
energy to its hemispherical total emissivg(¥). With smalll(d;, f i, Ti)/&(T), a surfaceanradiate
enegyquite effectively(SeeEquation 346 of the text).

A highly reflecting materiabuch asa polished metal or a metallic coated surface can be
considered for these applications. Although such materials would reflect much of the incident
energyin the visible range theydo not effectively radiate at longer wavelengths. This yields a
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poor desired behavior for the energy balance in the vacuum of outer space and may not provide a
low W/e. Paints, such as white paiatean example ofiusefulspectrally selective surface [Dunkle
(1963)], as they daot only reflect the incident solar radiation predominant at short wavelengths,
but also radiate well at the longer wavelengths characteristic of the relatively low body
temperaturePerformance should be evaluatadludingconvective cooling, which may dominate

over radiant emission.

Radiative cooling is also part of thermal control in outer space, which needs (sometimes
exotic) spectrally selective surfaces. Among them, the optical solar reflector (OSR) is a mirror
composed of a glass layer silvered on the back side. The bkrg transparernit the short
wavelength region a<~2. 5 0m, t hat includes the visible
radiation in this spectral region. The small fraction of shh@velength energy that is absorbed by
the silver, and the energy absortiBdthe glass at longer wavelengths, are radiated away by the
glass in the longewavelength infrared region where glass emits well.

Commonly used thin plastic sheets for solar reflection are Kapton, Mylar, and Teflon with
silver or aluminum coating on the backside. Fuséda seconesurface mirrors and polished
metals are essentially stable in orbit. Metalized Te#thminized Kapton, and sonight-colored
paints darken over a long period of time, degrading their performance as discussed by Hall and
Fote (1992).

The performance ad CuO pigment coating has been investigated and compared against
that of a white Ti@pigment, which is widely used as a white pigment (Gonome et al., 2014). They
also measured results for CuO coatings and compared against the measured results for TiO
pigmented coating. The performance of CuO pigment was found to be much higher than that of
TiO2 pigment, though the CuO coating shows a dadenpst blackcolor (Gonome et al., 2014).
Titanium dioxide white paint is superior as an exé solarselective coating to polyvinyl fluoride
film with an aluminized coating 12 pm thick on the underside. These are the types of materials
amongmany others that are used for spacecraft thermal control (Henrili9¢dh),

The most common material system currently used for low thrust, rad@imad rockets or
spacecrafts is a niobium alloy {I®3) with a fused silica coating {RL2A or R512E) for
oxidation protection. However, significant amounts of fuel film coolinguesgally required to
keep the material below its maximum operating temperature of 1370°C, degrading engine
performance. A new class of higlamperature, oxidatieresistant materials being develped
for radiationcooled rocket enginesith the thermalmargin to reduce or eliminate fuel film
cooling, while still exerding the life of silicidecoated niobium. Rhenium coated with iridium is
the most developed of these higgmperature materials, as discussed by Reed @t983)from
NASA Lewis intheearly 1960s. They also studied other material systems, which may offer more
thermal margin and/or oxidation resistance, such as hafnium carbide/tantalum carbide matrix
composites and ceramic oxideated iridium/rhenium chambers. Reed et al. discusseahaleh
fabricated from pure iridiunthatwould eliminate the rhenium/iridium diffusion mechanism, but
there are concerns about its structurtdgrity as a rocket engine. Arttalum10% tungsten alloy
and woven carbeoarbon fibers could serve as higgmperaturesubstrates butequirea suitable
oxidationresistant coating for long life applications. Platinrif6? rhodium alloy and grain
stabilized platinum are excellent oxidation resistant materials that could be considered for very
long life (tens of hours), but relatively low temptera (1650 °C) applications. Cermets and
intermetallic compounds have also been considered for high temperature rocket operation, but
there is a very limited experience base with them.
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There are many materials that have absorption peaks at different wavelengths. Rare earth
metals can be used as selective emitters in the infrared region due to their highcebsotipis
region [Rose et a(199%); Licciulli et al.(2003; Wijewardane and Goswarf2012; Kecebas et
al. (2023). Commonly, these metals are used as composites by mixing with other materials such
as ceramisor titania because of tharity of these metals. The problem with these composites is
that at higher temperaturesag-body like emission from other constituents starts to dominate the
rare earth metal 6s selective emission. For apfg
the absorption peakaustbe tuned or shifted and the answer falls in the rsade. Nano sized
metal particles embedd in insulators or a semiconductor matrix, as reviewed by Wijewardane
and Goswami

In addition to spectral tuning, we can also consider directional tuning of surfaces. For
example, an emitting surface can be constructed to emit strongly in preferred direction, while
reducing emission into unwanted directions. This approach is basled possibility of designing
aregular micre, oughness (a fAgratingo) t h entenamand d pr c
Greffet (19949); Greffet and Henke{2007)]. The grating dimension is of the same order of the
predominant radiation wavelength. Indeed, this concept was shown experimentally and
theoretically for dfferent polarization settings [Arnold et 42012); see references citedf the
objective of the designer surface is to absorb primdmilgn a certain direction, then it can be
constructed that way; also, the fabrication can be performed for it to absorb poorly in other
directions. If the surface is used for solar absorption, then it would, basieel ISimchhoff law for
directional properties, emit strongly toward the sun but weakly in other directions. It can absorb
about the same energy as a nondirectional absorber, yet its total emission would be less than a
typical surface. Coherent directionahd spectral emission concepts have been explored by
Greffebs group over the y¢299;GreffeCehal(B002) otldinettah d Gr e
(2005; Laroche et al. 2006); Arnold et al.(2012 and references thergirRecent calculations
carried out by Didari and Menguc (28} also suggest that the shape and size of the extrusions on
the surfaces can alter the-fagld emission. These concepts were discussed briefBhapter 16
and are likely to be used for selective emission in the future.

Recently, the concept of radiative tiag was explored byhe Fan group [Zhu et a{2013].
By modifying the structure adilicon nanowire array on aduminum substrate, thegbserved
significant emissivity/absorptivity enhancementhefar-infrared. Their feature sizanged from
submicron to 10 nm range, and they demonstrated that the color of the sample did not change
noticeably. Zhu et aklso applied their idea of radiation cooling to solar cells, which is a very
important area to enhance thefpemance ofPV-panels(Zhu et. al.2014).Kecebas et al. (2017
2020 examine using multiple alternating layers of higind lowrefractive index materials to
enhance radiative coolingvang et al. (2021) use a micropore structure on a polymer substrate to
provide properties for day and night cooling. Jeon et al. (2022) examine materials for providing
desired colors on building panels used for radiative cooBeg. also Sectioh9.1.1.20f the text
for further discussions and referenceptimizedPV cell enhancement.
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K. Flame Radiation

K. RADIATION FROM FLAMES

Combustion consists of chemical reactions in series and in parallel and involiygntermediate
species. The composition and concentration of these species cannot be predicted very well unless
knowledge is available of the flame reaction kinetics; this detailed knowledge is not usually available
or convenient to obtain. Because the famadiation properties depend on the distributions of
temperature and species within the flame, a detailed prediction of radiation from flames is not often
possible from knowledge of only the combustible constituents and the flame geometry. It is usually
necessary to resort to empirical methods for predicting radiative transfer in systems involving
combustion.

Under certain conditions the constituents in a flame emit much more radiation in the visible
region than would be expected from their gaseous absorption coefficients. For example, the typical
almost transparent blue flame of a Bunsen burner can become digioly emitting yelloworange
flame by changing the fudir ratio. Such luminous emission is usually ascribed to incandescent soot
(hot carbon) particles formed because of incomplete combustion in hydrocarbon flames.
Alternatively, Echigo et al. (196 &And others have advanced the hypothesis, supported by some
experimental facts, that luminous emission from some flames is by emission from vibotditoon
bands of chemical species that appear during the combustion ppoicess the formation of soot
particles.Zimmer and Pereira (2020) compare models for soot formation and radiation from an
ethylene coflow flame.

K.1 RADIATION FROM NONLUMINOUS FLAMES

Radiation from the nonluminous portion of the combustion produegtslisinderstood. For this the
complexities of the chemical reaction are not as important, since it is the gaseous end products above
the active burning region that are considered. Most instances are for hydrocarbon combustion, and
radiation is from the C&and HO absorption bands in the infrared. For flames a meter or more thick,
as in commercial furnaces, the emission leaving the flame within thari@3O vibrationrotation
bands can approach blackbody emission in the band spectral regiongasTadigtbn properties in
Chapter9 can be used to compute the radiative transfer. The analysis is greatly simplified if the
medium is well mixed and can be assumed isothermal. A nonisothermal medium can be divided into
approximately isothermal zones, and convection can be included ifrtudation pattern in the
combustion chamber is known. A nonisothermal analysis with convection was carried out in Hottel
and Sarofim (1965) for cylindrical flames. In Dayan and Tien (1974), Edwards and Balakrishnan
(1973), Modak(1975, 1977), Taylor and Foster (1974), Lefebvre (19843 Liu et al. (2020),
radiation from various types of nonluminous flames (laminar or turbulent, mixed or diffusion) is
treated. The flame shape for an open diffusion flame is considered in Annamali and Durbetaki (1975).
The local absorption coefficient in nonluminous flamesalkulated in Grosshandler and Thurlow
(1992) as a function of mixture fraction and fuel composition. Modest (2005) reviews models for
radiative transfer in combustion gas¥sang et al. (2021) address radiation from -goay flames
with partides

When considering the radiation from flames, a characteristic parameter is the average
temperature of a wethixed flame as a result of the addition of chemical energy.-iésiéloped
methods exist [Gaydon and Wolfhard (1979)] for computing the theoré8tioa temperature from
thermodynamic data. The effect of preheating the fuel and/or oxidizer can be included. An ideal
theoretical flame temperatur€ is computed using energy conservation assuming complete
combustion, no dissociation of combustion products, and no heat losses. The energy in the
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K. Flame Radiation

constituents supplied to the combustion process, plus the energy of combustion, is equated to the
energy of the combustion products to give,

- _(energy in feed air and fuel abovg ) +( enargigased by combusti@nn

(K.1

ref

(total mass of produc}3( mean specific hefgtroducts

Energy loses by radiation and other meahat wauld lower the flame temperatuege not
included. Methods for including these effects are in Gaydon and Wolfhard (1979); extinction of a
flame by radiative energy loss is analyzed in Ju et al. (2000). A list of ideal theoretical flame
temperatures (no radiation or other losses incluseith) TableK.1 for various hydrocarbon flames,
using data from Gaydon and Wolfhard and from Barnett and Hibbard (1957). Results for complete
combustion with dry air are showfollowed by calculated results modified to allow for product
dissociation and ionization. The latter are compared with experimental results. The heats of
combustion of the substances are also given. Extensive tabulations of similar data for mor@ than 20
hydrocarbons are in Barnett and Hibbard andsmeen and Southar(R019). After its average
temperature has been estimated, the radiation emitted by a nonluminous flame can be considered, as
illustrated by an example.

EXAMPLE K.1 As a result of combustion of ethane in 100% excess air, the combustion products

are 4 mol of C@ 6 mol of HO vapor, 33.3 mol of air, and 26.3 mol of. Mssume these products

are in a cylindrical region 4 m high and 2 m in diameter, are uniformly mixed at a theoretical flame

temperature of 1853 K, and are at 1 atm pressure. Compute the radiation from the gaseous region.
The partial pressure of each constituent is equal to its mole fraction:

Poo, =(4/69.6) 1 atnh =0.0575atmapd , = (6/69.6) 1)ptrdH.0862atn

The gas mean beam length for ngillie selfabsorption is, from Equatiall.104,
Lo=4V/A =€ (&/4 g4/ (% $22(2/p aen

To include seHabsorption, a correction factor of 0.9 is applied to dive 0.9(1.6) = 1.44 m. Then
pcosle = 0.0575 x 1.44 = 0.0828 atm - m = 8.54-bar, andpH2ole = 0.0862 x 1.44 = 0.124 atm -

m = 12.8 bacm. Using the Alberti et al. (2018) spread sheet (Section 9.4) at
https://doi.org/10.1016/}.jgsrt.2018.08.0@fives ey = 0.1451.The radiation from the gas region at
the theoretical flame temperature is,

Q= g T$A 02451 5.6704 103 1858 10 3 30%0}

TABLE K.1 Heat of combustion and flame temperature for hydrocarbon fuels [Gaydon and
Wolfhard (1979); Barnett and Hibbard (1957); Lide (2008)]
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K. Flame Radiation

Maximum flame temperature, K (combustion w
dry air at 298 K)
Heat of Theoretical Theoretical (with
combustion (complete dissociation and

Fuel kJ/kg  combustion) ionization) Experimental
Carbon monoxide (CO) 10.1 x 10 1756 1388

Hydrogen (H) 14.1 x 10 2400 2169

Methane (CH) 5.53 x 10 2328 2191 2158
Ethane (GHs) 5.19 x 10 2338 2244 2173
Propane (GHs) 5.03 x 16 2629 2250 2203
n-Butane (GH1o) 4.95 x 10 2357 2248 2178
n-Pentane (€H12) 453 x 10 2360 2250

Ethylene (GH,) 5.03 x 10 2523 2375 2253
Propylene (GHe) 4.89 x 10 2453 2323 2213
Butylene (GHg) 453 x 10 2431 2306 2208
Amylene (GHao) 4,50 x 10 2477

Acetylene (GHy) 5.00 x 10 2859 2607

Benzene (6Hs) 4.18 x 10 2484 2363

Toluene (GHsCHs) 4.24 x 10 2460 2344

COMBUSTION PROCESSES

When combustion occurs in industrial or power generation furnacedadkeof accurate fuel
properties, complex geometrpupled chemistry, fluid mechanics and heat transfer make the
problems difficult to analyze. Some recent work is by Yang €0#1) and Mazumdar and Roy
(2023) More information is in Section 19.3 of the book.
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L. Commercial Codes
L: COMMERCIAL CODES FOR RADIATION

L.1 CODES FOR CONFIGURATION FACTORS

Many computer programs are available that use one or more of the methods outlihegter 4 of

the textfor numerical calculation of configuration factors. Examples are FACET (Shapiro 1983),
which uses area integration and contour integration; VIEW (Emery 1986), which can be used with
the NASTRAN thermal analysis code; a program that relies on the congpaf#ical analog to the
unit-sphere method (Alciatore at 1989) and VIEW3D The latter program provides factors
between a differential element and an arbitrary 3D object. The prob&B8nThermal Simulation
System Chin etal. 1992), developed under %A sponsorship, incorporates an advanced graphical
user interface for displaying configurations. The CHAPARRAL program (Glass 1995) incorporates
FACET for 2D factors and uses the hemicube method for computing 3D factors in very large surface
element arraysMany commercially available thermal analysis programs such as COMSOL,
FLUENT, FIDAP, NEVADA, and OpenFOAMilso incorporate configuration factor computation
using various methods, sometimes with choices among mefhloelgeneral code MATLAB has a
plug-in module for configuration factors that uses contour integration to get factors between polygons
in any configuration.

These and other computer codes provide a means to generate configuration factors for complex
geometries and are invaluable for radiative analyses. Their accuracy can be assessed by comparison
of computed results with the analytical expressions developeditresimpler geometries that can
be used for test cases. Several different numerical methods for calculating configuration factors in
complex configurations are compared by Emergle{1991) for computing speed, accuracy, and
convenience. The geomesigange from surfaces almost unobstructed in their view, to highly
obstructed intersecting surfaces. The methods compared include double integration, Monte Carlo,
contour integration, and projection techniques. If the view is not too complex, methodsobased
contour integration are found to be successful. The advent of massively parallel computers is making
Monte Carlo methodsChapter 14)particularly attractive for computing configuration factors.
Walker etal. (2010, 2012) and Walker (2013) have exauhitiee use of parallel Monte Carlo using
either standard central processing units (CPUSs) or graphical processin@aftits)and find good
speed and accuracy in comparison with fi@lementbased numerical integration for computing
configuration factors for complex geometries. They employ superimposed primitives for fast
rendering of many common objects.

L.2: Codes and Data forMolecular and Atomic Gas Spectral Properties

Property datas availablefrom accessible cfine sources. These are continually updated
andimproved.More information orthedatabases is in SectiorB%.3 of the text. The datases
themselves can be accessed at:

JacquinefHusson, N. eal., The 2015 edition of the GEISA spectroscopic dataBaséglecular Spectroscopy
327, 3172, Sept. 2017. The 2019 version of GEISA is accessible at cESPRI:Home.

Laux, C. O.: Radiation and nonequilibrium collisiomnatliative models, in D. Fletcher;Nl. Charbonnier, G.
S. R. Sarma, and T. Magin (ed$JyysiceChemical Modeling of High Enthalpy and Plasma Flpwan
Karman Institute Lecture Series 2002, RhodeSaintGenése, Belgium, 2002. [SPECAIR User Manual,
ver. 3.0, 2012 (latest versiamling)]. Code available avww.specairadiation.net
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Kramida, A., Ralchenko, Y., Reader, J. and NISTASDTeam: NIST Atomic Spectra Database (version 5.0),
[Online]. Available:physics.nist.gov/asthccessed April 27, 2015), National Institute of Standards and
Technology, Gaithersburg, MD, 2012.

Rothman, L. S., Gordon, I. E., Barbe, A. et al., The HITRAN 2012 molecular spectroscopic daiQIS4E,

130, 450, 2013. (For most recent version (2012)wesv.cfa.hitrancom Accessed April 27, 2015).

Rothman, L. S., Gordon, I. E., Barber, R. J., Dothe, H., Gamache, R. R., Goldman, A., Perevalov, V., Tashkun,
S. A, and Tennyson, J.: HITEMP, the higimperature molecular spectroscopic databdQSRT
111(15), 21382150, 2010. Data available tine athttps://hitran.org/hitemp/

L.3: CFD-BASED CODES

Most of the major commercially available computational fluid dynamics (CFD) codes employ
one or more choices of methods for handling radiative transfer within a participating medium. For
example, the ANSYS CFD code packages FLUENT and CFX between therdepobwice from
among surfadesurface, diffusion, B discrete transfer, discrete ordinates, and Monte Carlo solvers.
The COMSOL buikin Heat Transfemodule incorporates spectral surface properties for surface
surface exchange in simple geometries, and uses the Rosseland approximappno@mation or
the discrete ordinate method (DOM) for radiation in participating m&panFOAM,afree online
CFD code includesifand finite volume models, plus a configuration factor calculator for transparent
medium problems.

Various modelsmay beincluded for treating anisotropic scattering and spectral medium
property variations, although these features are not available for all solvers. These and competing
codes continue to add features and capabilities, and careful comparison is warrareeeéaqiited
capabilities for goroblemor application.

L.4 FINITE DIFFERENCE TIME -DOMAIN METHOD

The FDTD method is probably the most common approach for simulation of scattering problems
(Wriedt 2009, and for nanoscale radiation interactions with textured surfateltz€l et al.2005.

2007; 2008. The method was first introduced by Yee (1966), where -tiefgendent Maxwell
equations are solved to calculate electromagnetic scattering in both time and space domains. The
derivatives of Maxwell equations in space and time are approximated by a fifetertie scheme

and discretized in both space anthdi domains. The equations are solved numerically with
appropriate boundary conditions and part@mleurfaceproperties using a fully explicit scheme.

FDTD methods were reviewed by Schlager and Schneider (1995) and Taflove (2007). This
approach is commercially available, as more than 25 companies were listed by Taflove. There are
several other open source development projects, which are listed ardspoonding Wikipedia site.

It is also used extensively for simulations of metamaterials as discussed by Vesalag066).

This method computes the solution in a finite domain, like the FEM, and so a far zone transformation
must be invoked to calculatfields in farfield. The method is popular because of its conceptual
simplicity and ease of implementation but has disadvantbgeshose of the FEM including
limitations in accuracy, mathematical complexity, and the need to repeat computations for different
angles of incidence. The FDTD approach can be applied to arbitrary geometries with different
properties.

Maxwell equationsrediscretized using the FDTD method. In order to present the implementation
of FDTD, the Maxwell equations are written in terms of electrical displacement and magnetic fields
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Dx, Dz, andHy, respectively. They are considered ddaransverse magnetic (TM) wave, in which the
only nonzero component of magnetic fieldHig that is, propagation along tk@xis. They are

Mt B
Mt K
Dx (W) :70ér( e) EXW ) (L.3)
D, (W) =& (EMN ) (L4
ﬁ = iépEZ _E (|__5)

o opeoxu oz

The first order finite difference representation of the fields in Equakidn4 .2, andL.5 are written
in discrete time domain as

n+1/2 n /2 n n
DXi+1/2}< B D><i 2k Hyi ¥X 142 'Hyi U, Uz (L 6)
Dt
n+1/2 n /2 n n
DZi,k+1/2- Dzk 42 _ HM ¥X 142 _HM VR, 12 (L 7)
Dt [
n+l n n 4/2 n ¥2 n 1R n 1/2
Hyi+1/2k 42" Hyi WX 142 _ EZi K+ 12 'Ea k 12+ EXi 1R+ 1 173 (L 8)
Dt m D om D

If the Yee cell size is kept small, the central differences are said to have -sedendccuracy or
secondorder behavior gx? terms can be ignored). Furthermore, we can rewrite Equalidhs
throughK.8 as

n+ n 3 Dt . n n
DXi+11//22J< (k) = Dy g/zzk (K) ngHyi wx w2 My vz w2 (L.9)
Dn+1/2 k —_ Dn 1/2 k u ‘Hn Hn
Zi,k+1/2( )_ gk a/z( ) DXS Vi WX 182 Vi U U (L.lO)
Hn+l —_ Hn [x ‘En 1/2 En w2 ID E 1R n uz2 (L 11)
Yi+1.2k 4/2 7 ' Yi 2% 142 m 8 Zi k+ 12 Kk, 1/2+8 (sz 1M+ 1 i1k, :

In thexzplane of interest, the 1D wave equation is

o1l

Qo

ooy g (L.12)
%%Hf g o (L.13
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They can be easily discretized using only the field components on, or just inside the mesh wall,
yielding an explicit finite difference equation at time step 1:

1
EQLT<+1/2 Egz k+1/2 CDt + g E22k+ 1/2 n]k +l/2) (L 14)
E>r<1|-2_/21 = E)r<1|+1/2 2 CDt + g E<| 4/2,2 E? iZ,:L) (L15)

where Ez?,kﬂ,z and EQH,Z}( , respectively, refer to thiekth electric component of Yee cell mandx

direction, andt is the speed of light.

The numeri cal algorithm for Maxwel | égshavear | eq
specific bound relative to the space incremeptsqy, andqgz. The time incrementustobey the
following bound, known as Courdririedrich$ Lewy (CFL) stability criterion:

0 |
[
4

(L.16)

IOOI—‘

F\/l 1 1
Dt dmi + +
o2 (3?2 (9

The difficulty in working with FDTD is due mainly to the imposition of the boundary conditions. The
choice of boundary conditions is the key to an accurate FDTD simulation. There are various
techniques to achieve the aim of simulating a geometry thatdsxteninfinity in all dimensions,
thereby eliminating reflections from the actual physical edges. In FDTD these are known as absorbing
boundary conditions or ABCs as they absorb or attenuate waves (electric or magnetic) as they
approach the edge of the a&k problem geometry. Which method you use (known as Dirichlet,
periodic, Mur, Mie/Fang superabsorption, perfectly matched layers (PML), convolution PML
(CPML), etc.) will very much depend on the nature of the waves, their incidence angle, and their
wavelength relative to the geometry size. Choosing the best ABC for an FDTD simulation is crucial
as it can minimize the overall problem space, that is, the number of grid cells»xnythandz
dimensions, and thereby reduce computation time (Didari and M&@fis, 2015).

FDTD has found applications in several diverse areas of mechanical engineering suctii@lsl near
thermal radiation (see Datasatt 2013, Didari and Mengug¢ 2014, 2015), microelectronics, with
applications in energgonversion devices, nanothermal mantifdng, as well as in electrical
engineering such as antenna imaging design and bioelectromagnetic device development.

MATLAB by Mathworks is a particularly powerful tool for developing FDTD solutions because of
its inherent support for matrices and arrays. FDTD algorithms implemented in MATLAB only need
a single iteration per timstep to cover the complete spatial spéide, 2D, or 3D). A fast Fourier
transform (FFT) can be applied at any point in time or space to produce a frequency domain solution
without an additional frequency fAsweep. o0 This
at some appropriate poiatithin the problem geometry and then applying an FFT to the resultant
time-domain response.

Implementing FDTD programmatically through MATLAB (or similar opgyurce solutions such
as GSVIT) allows complete independence over problem parameter definition, particularly-in near
field thermal radiation research where arbitrary geometries and multiple dispersive materials may be
used (Didari and Mengii¢ 2014, 2015). dddition, the application of FDTD to light scattering
aerosols and the relevant literature review was reported by &ur(2213) and Datas at. (2013).

In the last few years, MATLAB and other FDTD solvers have embraced parallel computation, both
through support for multiple CPU cores and by harnessing the power of graphics processing units
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(GPU) with their hundreds of processing cores. These developments haveposaidsefinely

gridded simulations over large 2D or 3D geometries by dramatically reducing simulation times (by
factors between 10 and 200). As one of the weaknesses of FDTD is numerical accuracy due to the
discrete representations of electromagnetic fields,fageeution time allows proportional reduction

in the discretization steps in both space and time.

Recent FDTD studies of near field thermal radiation have shown that modeling geometries
separated by nanogaps in orders of a few tens of nanometers is also possible using the FDTD method,
which is a promising factor in this field since analytical methodg not be easily available for some
geometries due to geometry asperities; however, a tradeoff needs to be found between the accuracy
and the simulation time requirements when working in such small scales (Didari and Mengti¢ 2014,
2015). Note that, for conkgx particles, these relations can be used for experimental determination of
the phase function coefficients. Agarwal and Mengu¢ (1991) carried out an extensive numerical and
experimental research to determine these parameters from experiments forgrodyisigx particles.

A similar experimental study was conducted for coal particles by Mengic et al. (1994).

L.5: AVAIL ABLE ON-LINE CODES AND DATABASES (Links checked as of 8/25/2019)
On-ine resources are available for aid in computing many useful functions for radiation. These
include:

CONFIGURATION FACTORS BETWEEN SURFACES:

FACET (Shapiro et al. 1983Nww.oecd -nea.org/tools/abstract/detail/nesc9578

VIEW (Emery 1986)https://bit.ly/2kOY J|O

VIEW3D (Walton 1986)www.View3d.sourceforge.net

VIEW FACTORS (Lauzier): Plug in module to MATLAB:
https://www.mathworks.com/matlabcentral/fileexchange/5664 -view -factors

Catalog (Howell19820n line: More than 350 factors, many with calculjator
www.ThermalRadiation.net/indexCat.htm|

LINE-BY-LINE SPECTRAL DATA

HITRAN 2016 (Gordon et al. 2017)vww.cfa.harvard.edu/hitran//

HITEMP 2010(Rothmanet al.2013) https://hitran.org/hitemp/

SPECAIR(Laux 2002). www.specair_-radiation.net/

GEISA @acquineHussoret al. 2017):

https://geisa.aeris-data.fr/line -transition-parameters2019/

NIST Atomic SpectrgKramida et al. 2012https://www.physics.nist.gov/asd

GAS EMITTANCE FOR CO2, H20, CO MIXTURES
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Al berti et al. (2018), Spread sheet under ASuUpf
doi.org/10.1016/j.jgsrt.2018.08.008

SCATTERING

Referenceso scattering literature and codégps:www.scattport.org/index.php

Mie scattering calculatqiPrahl,2009) https://omlc.org/calc/mie_calc.html

T-matrix for irregular particle@Mishchenko et al2013) at
https://www.giss.nasa.gov/staff/mmishchenko/t matrix.html

OpenDDA:Discrete dipoleapproximation for Agglomerate@McDonald et al2009:
www.opendda.org

ADDA: Discrete dipole code for agglomerates, Yurkel
https://github.com/adda__-team/adda

Add-on package for MATLAB (Nieminen et al.2007):
www.physics.ug.edu.au/people/nieminen/software.html
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